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A Property Possessed by Every Differentiable Function
Jingcheng Tong (jtong@unf.edu), University of North Florida, Jacksonville, FL 32224

Let f (x) be a real function continuous on [a, b] and differentiable on (a, b). Then
there are three angles naturally defined for each point x in (a, b) as illustrated in Fig-
ure 1.
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Figure 1.

The angle α(x) = the angle between x-axis and the tangent line passing through
the point (x, f (x));
The angle β(x) = the angle between x-axis and the secant line passing through
the points (x, f (x)) and (0, a);

The angle γ (x) = the angle between x-axis and the secant line passing through
the points (x, f (x)) and (0, b).

It is easily seen that α(x) = 0 when the tangent line through (x, f (x)) and the x-axis
are parallel.
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The following “Three Angle Theorem” seems to be new.

Theorem 1. Let f (x) be a real function continuous on [a, b] and differentiable on
(a, b). Then there is a point c in (a, b) such that

tan α(c) + tan β(c) + tan γ (c) = 0.

Proof. It is easily seen that

tan α(x) = f ′(x);
tan β(x) = f (x)

x − a
;

tan γ (x) = f (x)

x − b
.

Let F(x) = f (x)(x − a)(x − b). Then it is easily checked that

1. F(x) is continuous on [a, b] and differentiable on (a, b).
2. F(a) = F(b) = 0.

Therefore by Rolle’s Theorem, there is a c in (a, b) such that F ′(c) = 0.
Notice that F ′(x) = f ′(x)(x − a)(x − b) + f (x)(x − b) + f (x)(x − a). By eval-

uating at x = c, we have

f ′(c)(c − a)(c − b) + f (c)(c − b) + f (x)(c − a) = 0

or

f ′(c) + f (c)

c − a
+ f (c)

c − b
= 0.

Hence

tan α(c) + tan β(c) + tan γ (c) = 0.
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note.
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A Tale of Two Tickets
Marc Brodie (mbrodie@csbsju.edu), College of St. Benedict, St. Joseph, MN 56374

Lotto-type lottery games, in which players choose k of the numbers from 1 through
n, are useful in the classroom as they provide “real-world” illustrations of many of
the basic concepts from probability—elementary counting techniques, sample space,
classical probability, odds, etc. Furthermore, many students feel a sense of satisfaction
when their computations yield the same results as those stated on the playslips. In this
capsule we use the Missouri Lotto and the stated odds on the playslips to provide a

VOL. 35, NO. 3, MAY 2004 THE COLLEGE MATHEMATICS JOURNAL 217




