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and the function f (x) = x + x3 − x4. In this case
∑

an and
∑

f (an) both converge,
but

∑
a3

n and
∑

a4
n do not.

The following example shows that the converse of (1) is also not true; that is, if∑
an converges and f (x) = αx + βx2k+1 + o

(
x2k+1

)
then

∑
|an|2k+1 converges �⇐

∑
f (an) converges.

EXAMPLE 6. Consider the function f (x) = sin x = x + x3/6 + o
(
x3

)
and the se-

ries
∑

(−1)n / ln n. Then
∑

sin ((−1)n / ln n) converges (Alternating Series Test) but∑∣∣(−1)n / ln n
∣∣3 = ∑

1/ ln3 n does not.

We conclude by observing that the Limit Comparison Test, which, for series of
positive terms, states that

∑
an and

∑
bn behave the same if an ∼ bn [5, p. 342, §173

D], does not extend to series without restrictions on sign. Take, for instance, bn as in
Example 1 and an = (−1)n /nγ .
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Beginning with the doctoral dissertation of C.F. Gauss, there have been at least eleven
proofs of the Fundamental Theorem of Algebra: For every nonconstant complex poly-
nomial p(z), there is a complex number z0 such that p(z0) = 0 [3, 7, 8]. Why then
would anybody be interested in another proof?

Our principal reason is that it gives an application of the Cauchy-Riemann equations
which is usually taught in the first two weeks of an undergraduate complex variable
course.

Our proof has three main ingredients. The first reduces to first-semester calculus.
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LEMMA 1. If w(x, y) is a real-valued function on R
2 with second-order partial

derivatives and w(x, y) attains its maximum at (x0, y0), then

�w(x0, y0) ≡ ∂2w

∂x2
(x0, y0) + ∂2w

∂y2
(x0, y0) ≤ 0.

Proof. The two functions of one variable x �→ w(x, y0), R �→ R, and y �→
w(x0, y), R �→ R, attain their maxima at x0 and y0 respectively. From the sec-

ond derivative test of single-variable calculus it follows that
∂2w

∂x2
(x0, y0) ≤ 0 and

∂2w

∂y2
(x0, y0) ≤ 0, which proves Lemma 1.

Our second ingredient is a property of complex polynomials.

LEMMA 2. Let Q(z) be a nonzero complex polynomial. There exists a number
d > 0 such that Q(a) = 0 implies Q(a + d) �= 0.

Proof. From the theorem about factoring polynomials, it follows that Q(z) = 0 has
a finite number of solutions. The assertion of the lemma follows by taking d to be a
positive number that is less than the distance between any two distinct roots of Q. This
proves Lemma 2.

Our third ingredient is an identity, which we will prove after a brief review.
Let D be an open subset of C. Recall that a complex-valued function defined on

D is holomorphic in D if it is differentiable at each point of D. We identify the com-
plex numbers C with R

2 in the usual way and recall that if f (z) = u(x, y) + iv(x, y),
where u and v are real, is holomorphic in D, the well-known Cauchy-Riemann equa-
tions imply that

f ′(z) = ux(x, y) + ivx(x, y) = vy(x, y) − iuy(x, y).

It follows that if f ′ is also holomorphic in D, then

f ′′(z) = uxx(x, y) + ivxx(x, y) = −uyy(x, y) − ivyy(x, y).

Equating real and imaginary parts in the above equation, we find that �u(x, y) = 0
and �v(x, y) = 0.

The following facts are usually assumed without proof in a complex variable course,
since the proofs are the same as in a single-variable calculus course [1, 2].

(i) The sum and product of two holomorphic functions in D are holomorphic in D
and the usual formulas hold for derivatives of sums and products.

(ii) If g is holomorphic in D and g(z) �= 0 for every z ∈ D, then 1/g is holomorphic
in D and (

1

g

)′
= −g′/g2.

(iii) If

p(z) = a0 + a1z + · · · + anzn,

where a0, a1, . . . , an are complex constants, then p is holomorphic in C and

p′(z) = a1 + · · · + (n − 1)an−1zn−2 + nanzn−1.
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We now prove the identity referred to above.

LEMMA 3. If f (z) and f ′(z) are both holomorphic in D, then

�(| f (z)|2) = 4| f ′(z)|2.
Proof. Let f (z) = u(x, y) + iv(x, y). Then | f (z)|2 = (u(x, y))2 + (v(x, y))2. It

follows that if w(x, y) = | f (z)|2, then wx = 2uux + 2vvx , wxx = 2uuxx + 2(ux)
2 +

2vvxx + 2(vx)
2, and, similarly, wyy = 2uuyy + 2(uy)

2 + 2vvyy + 2(vy)
2. Since

�u = �v = 0 in D,

�w = 2(ux)
2 + 2(vx)

2 + 2(uy)
2 + 2(vy)

2,

= 4 | f ′(z)|2,
where the last equality follows from the Cauchy-Riemann equations. This proves
Lemma 3.

Proof of the Fundamental Theorem of Algebra. Let p(z) be a nonconstant complex
polynomial. Then p′(z) is a nonzero complex polynomial. Therefore, there exists a
number d, d > 0, such that p′(z) = 0 implies p′(z + d) �= 0.

We claim that there exists z0 such that p(z0) = 0. Assuming the contrary, the func-
tion f (z) = 1/p(z) and f (z + d) are holomorphic on C. Therefore,

w(x, y) = | f (z)|2 + | f (z + d)|2
is continuous and has continuous second-order partial derivatives. It is easy to see that
w(x, y) → 0 as x2 + y2 → ∞.

Let w attain its maximum at (x0, y0). From Lemma 1, �w(x0, y0) ≤ 0. From
Lemma 3, �w(x, y) = 4(| f ′(z)|2 + | f ′(z + d)2|. Therefore, letting z0 = x0 + iy0, we
have f ′(z0) = 0 and f ′(z0 + d) = 0. But f ′(z0) = −p′(z0)/p(z0)

2 and f ′(z0 + d) =
−p′(z0 + d)/p(z0 + d)2. Therefore p′(z0) = 0 = p′(z0 + d) which is a contradiction.
This proves the Fundamental Theorem of Algebra.

We would like to point out that for functions f holomorphic in an open set, the
identity

�| f |2 = 4| f ′|2 (∗)

is well known. It is an exercise in Nehari [4, p. 64] and also in the classic reference,
Titchmarsh [6, p. 7]. However, to derive it from the Cauchy-Riemann equations, one
must first establish that the real and imaginary parts of f have second-order partial
derivatives. For general holomorphic functions this can’t be done without the Cauchy
theory of integration or other advanced theory. For our application of (∗), with f =
1/p, this was circumvented by use of the elementary properties (i), (ii), and (iii).

Finally, we indicate another proof based on Lemma 3. A function w that is twice
continuously differentiable in a connected, bounded, open set D, continuous on D̄,
and satisfies �w ≥ 0 is called subharmonic in D. The Maximum Principle [5] for
subharmonic functions shows that maxD̄ w = max∂ D w, where ∂ D is the boundary
of D. Lemma 3 shows that if p(z) is a nonconstant polynomial without zeros, then
w(x, y) defined as

w(x, y) = 1

|p(z)| , where z = x + iy,

satisfies �w ≥ 0 on R2. Taking D to be a disc of radius r centered at 0 and using the
fact that w → 0 as r → ∞, the Maximum Principle shows that w ≡ 0, contradicting
w(x, y) > 0.
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A problem on the Putnam exam given December 7, 2002 involved a basketball player
(Shanille O’Keal) taking a sequence of free throws. The player makes the first shot,
misses the second, and makes each subsequent shot with probability equal to the frac-
tion of successful shots prior to that point. Thus, Shanille makes her third shot with
probability 1/2. If she makes her third shot, she makes her fourth shot with probabil-
ity 2/3 and so forth. The exam asked for the probability that she made 50 of her first
100 shots. We are interested in the probability that Shanille ever finds herself having
missed k more shots than she has made.

Shanille’s “state” after n shots can be represented by a pair (x, y) where x is the
number of successful shots to that point in the sequence and y is the number of unsuc-
cessful shots to that point in the sequence (so n = x + y). If Shanille’s current state
is (x, y), her history can be represented by a lattice path from (1, 1) to (x, y) involv-
ing only rightward and upward steps where a rightward step represents a successful
shot and an upward step an unsuccessful shot. Each edge in the lattice is naturally
associated with a conditional probability . The horizontal edge connecting (x, y) and
(x + 1, y) has probability equal to the probability that the Shanille, having made x
shots and missed y shots, makes her next shot. According to our rule, this probability
is x/(x + y). Similarly, the vertical edge connecting (x, y) and (x, y + 1) has proba-
bility y/(x + y). The probability of her history following any particular lattice path is
the product of the probabilities associated with the edges of the path.

THEOREM 1. The two lattice paths connecting (x, y) and (x + 1, y + 1) are
equiprobable.

Proof. If we write RU for the path from (x, y) to (x + 1, y + 1) consisting of
a rightward step followed by an upward step and U R for the path from (x, y) to
(x + 1, y + 1) consisting of an upward step followed by a rightward step, then

P(RU) = x

x + y
· y

x + y + 1


