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Preface

This book is designed for college students who want to teach mathematics in

high school, but it can serve as a text for standard abstract algebra courses as

well. First courses in abstract algebra usually cover number theory, groups,
and commutative rings. We have found that the first encounter with groups is

not only inadequate for future teachers of high school mathematics, it is also

unsatisfying for other mathematics students. Hence, we focus here on number

theory, polynomials, and commutative rings. We introduce groups in our last

chapter, for the earlier discussion of commutative rings allows us to explain
how groups are used to prove Abel’s Theorem: there is no generalization of the

quadratic, cubic, and quartic formulas giving the roots of the general quintic

polynomial. A modest proposal: undergraduate abstract algebra should be a

sequence of two courses, with number theory and commutative rings in the

first course, and groups and linear algebra (with scalars in arbitrary fields) in

the second.
We invoke an historically accurate organizing principle: Fermat’s Last The-

orem (in Victorian times, the title of this book would have been Learning Mod-

ern Algebra by Studying Early Attempts, Especially Those in the Nineteenth

Century, that Tried to Prove Fermat’s Last Theorem Using Elementary Meth-

ods). To be sure, another important problem at that time that contributed to
modern algebra was the search for formulas giving the roots of polynomials.

This search is intertwined with the algebra involved in Fermat’s Last Theo-

rem, and we do treat this part of algebra as well. The difference between our

approach and the standard approach is one of emphasis: the natural direction

for us is towards algebraic number theory, whereas the usual direction is to-
wards Galois theory.

Four thousand years ago, the quadratic formula and the Pythagorean The-

orem were seen to be very useful. To teach them to new generations, it was

best to avoid square roots (which, at the time, were complicated to compute),

and so problems were designed to have integer solutions. This led to Pythag-

orean triples: positive integers a; b; c satisfying a2 C b2 D c2. Two thousand
years ago, all such triples were found and, when studying them in the seven-

teenth century, Fermat wondered whether there are positive integer solutions

to an C bn D cn for n > 2. He claimed in a famous marginal note that there

are no solutions, but only his proof of the case n D 4 is known. This problem,

called Fermat’s Last Theorem, intrigued many of the finest mathematicians,
but it long resisted all attempts to solve it. Finally, using sophisticated tech-

niques of algebraic geometry developed at the end of the twentieth century,

Andrew Wiles proved Fermat’s Last Theorem in 1995.
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xiv Preface

Before its solution, Fermat’s Last Theorem was a challenge to mathemati-

cians (as climbing Mount Everest was a challenge to mountaineers). There are

no dramatic applications of the result, but it is yet another triumph of human in-
tellect. What is true is that, over the course of 350 years, much of contemporary

mathematics was invented and developed in trying to deal with it. The num-

ber theory recorded in Euclid was shown to have similarities with the behavior

of polynomials, and generalizations of prime numbers and unique factoriza-

tion owe their initial study to attempts at proving Fermat’s Last Theorem. But
these topics are also intimately related to what is actually taught in high school.

Thus, abstract algebra is not merely beautiful and interesting, but it is also a

valuable, perhaps essential, topic for understanding high school mathematics.

Some Features of This Book

We include sections in every chapter, called Connections, in which we explic-
itly show how the material up to that point can help the reader understand and

implement the mathematics that high school teachers use in their profession.

This may include the many ways that results in abstract algebra connect with

core high school ideas, such as solving equations or factoring. But it may also

include mathematics for teachers themselves, that may or may not end up “on
the blackboard;” things like the use of abstract algebra to make up good prob-

lems, to understand the foundations of topics in the curriculum, and to place

the topics in the larger landscape of mathematics as a scientific discipline.

Many students studying abstract algebra have problems understanding

proofs; even though they can follow each step of a proof, they wonder how

anyone could have discovered its argument in the first place. To address such
problems, we have tried to strike a balance between giving a logical develop-

ment of results (so the reader can see how everything fits together in a coherent

package) and discussing the messier kinds of thinking that lead to discovery

and proofs. A nice aspect of this sort of presentation is that readers participate

in doing mathematics as they learn it.
One way we implement this balance is our use of several design features,

such as the Connections sections described above. Here are some others.

� Sidenotes provide advice, comments, and pointers to other parts of the text

related to the topic at hand. What could be more fitting for a book related to

Fermat’s Last Theorem than to have large margins?
� Interspersed in the text are boxed “callouts,” such as How to Think About

It, which suggest how ideas in the text may have been conceived in the
first place, how we view the ideas, and what we guess underlies the formal

exposition. Some other callouts are:

Historical Note, which provides some historical background. It often helps

to understand mathematical ideas if they are placed in historical con-

text; besides, it’s interesting. The biographies are based on those in the
MacTutor History of Mathematics Archive of the School of Mathemat-

ics and Statistics, University of St. Andrews, Scotland. It can be found

on the internet: its URL is

www-history.mcs.st-andrews.ac.uk

Etymology, which traces out the origin of some mathematical terms. We

believe that knowing the etymology of terms often helps to understand

the ideas they name.

http://www-history.mcs.st-andrews.ac.uk
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Preface xv

Etymology. The word mathematics comes from classical Greek; it

means “knowledge,” “something learned.” But in ancient Rome through

the thirteenth century, it meant “astronomy” and “astrology.” From the

Middle Ages, it acquired its present meaning.

The word arithmetic comes from the Greek word meaning “the art of

counting.” The word geometry, in classical Greek, meant “science of
measuring;” it arose from an earlier term meaning “land survey.”

It is a pleasure to acknowledge those who have contributed valuable com-

ments, suggestions, ideas, and help. We thank Don Albers, Carol Baxter, Bruce

Berndt, Peter Braunfeld, Keith Conrad, Victoria Corkery, Don DeLand, Ben Conrad’s website

www.math.uconn.edu/

˜kconrad/blurbs/

is full of beautiful ideas.

Fischer, Andrew Granville, Heini Halberstam, Zaven Karian, Tsit-Yuen Lam,

Paul Monsky, Beverly Ruedi, Glenn Stevens, and Stephen Ullom.

A Note to Students

The heart of a mathematics course lies in its problems. We have tried to or-

chestrate them to help you build a solid understanding of the mathematics in

the sections. Everything afterward will make much more sense if you work
through as many exercises as you can, especially those that appear difficult.

Quite often, you will learn something valuable from an exercise even if you

don’t solve it completely. For example, a problem you can’t solve may show

that you haven’t fully understood an idea you thought you knew; or it may

force you to discover a fact that needs to be established to finish the solution.

There are two special kinds of exercises.

� Those labeled Preview may seem to have little to do with the section at hand;

they are designed to foreshadow upcoming topics, often with numerical ex-

periments.

� Those labeled Take it Further develop interesting ideas that are connected

to the main themes of the text, but are somewhat off the beaten path. They

are not essential for understanding what comes later in the text.

An exercise marked with an asterisk, such as 1.8*, means that it is either
used in some proof or it is referred to elsewhere in the text. For ease of finding

such exercises, all references to them have the form “Exercise 1.8 on page 6”

giving both its number and the number of the page on which it occurs.

A Note to Instructors

We recommend giving reading assignments to preview upcoming material.

This contributes to balancing experience and formality as described above, and
it saves time. Many important pages can be read and understood by students,

and they should be discussed in class only if students ask questions about them.

It is possible to use this book as a text for a three hour one-semester course,

but we strongly recommend that it be taught four hours per week.

—Al Cuoco and Joe Rotman

www.math.uconn.edu/
http://www.math.uconn.edu/~kconrad/blurbs/
~kconrad/blurbs/
http://www.math.uconn.edu/~kconrad/blurbs/
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