
in current calculus books. Some texts (e.g., [1, p. 213] and [2, p. 802]) state the La-
grange multipliers theorem correctly but then give an algorithm that works only for
the nonsingular case. Thus, they give the false impression that considering the critical
points of g in addition to the simultaneous solutions of (1) is just a technicality.
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Off on a Tangent
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It was noted in [1] that if a is any positive number other than 1, the tangent line to the
curve y = ax at the point (1/ ln a, e) goes through the origin. The interesting feature
here is that the y-coordinate is independent of a. We will show that this result is not as
unique as it initially appears; there are many families of curves whose tangent lines at a
fixed y-coordinate go through the origin. Shifting attention to the x-coordinate, it turns
out that families of curves whose tangent lines at a fixed x-coordinate go through the
origin have some interesting properties. In particular, these functions form the kernel
of a linear transformation.

The tangent line to a differentiable function f at the point (c, f (c)) with c �= 0
goes through the origin if and only if f ′(c) = f (c)/c. By shifting, scaling, and tilting
a given graph, it is possible to make the modified graph have a tangent line go through
the origin at any given value of x or y. These geometric operations on a graph can be
performed by modifying the original function by linear factors. This is the main idea
used in the next paragraph.

Let (a, b) be an open interval that contains the number 1. Suppose that f is differ-
entiable and strictly increasing on (a, b) and that f ′(1) ≤ e. (There is nothing special
about the choice of the numbers 1 and e; they could be replaced with any positive real
numbers.) For each c �= 0, define a function gc on the open interval with endpoints ca
and cb by

gc(x) = f (x/c) + e − f ′(1)

c
x + (

f ′(1) − f (1)
)
.

Since each function gc is strictly monotone, it is clear that gc(x) = e only when x = c.
Since g′(c) = e/c, the tangent line to the graph of y = gc(x) at the point (c, e) goes
through the origin; the y-coordinate is independent of the parameter c. Therefore,
many functions generate families of curves whose tangent lines when y = e go through
the origin. The uniqueness of the function ex lies in the fact that the linear “correcting
factor” is 0. The reader may find it interesting to choose several functions for f (such
as x2 or sin x) and look at the families generated by this method.

Let f be a strictly monotone differentiable function and suppose that the tangent
line to the graph of y = f (x) at the point (c, d) goes through the origin. By the prop-
erties of inverse functions, the tangent line to the graph of y = f −1(x) at the point
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(d, c) also goes through the origin. Thus, a family of one-to-one functions whose tan-
gent lines when y = e go through the origin generates a second family of functions
whose tangent lines when x = e go through the origin. In particular, for any positive a
(a �= 1), the tangent line to the curve y = loga x when x = e goes through the origin.
It turns out (see the next paragraph) that collections of curves such as this have an
interesting property from the point of view of linear algebra.

Suppose that a is any nonzero real number. Let A be the set of all real-valued
functions f that are differentiable on some open interval containing a. The set A is a
vector space under the usual operations of addition of functions and multiplication by
real numbers. Let B be the set of all functions f ∈ A such that the tangent line to the
graph of y = f (x) at the point (a, f (a)) goes through the origin. A function f ∈ A
belongs to the set B if and only if f ′(a) = f (a)/a. Define a function T : A → R by
T ( f ) = a f ′(a) − f (a). It is not difficult to show that T is a linear transformation and
that B is the kernel of T . (Recall that the kernel of T is the set of all functions f for
which T ( f ) = 0.) Thus, the set B is a subspace of A. It is an interesting exercise to
find a basis for the set of all polynomials that belong to B.

As a final comment, we mention a geometric interpretation for the x-coordinate of
the point at which the tangent line to a curve passes through the origin. Suppose that
f is a differentiable function defined on some subinterval I of (0, ∞). For each x ∈ I ,
let φ(x) = arctan( f (x)/x). As indicated in the figure, the number φ(c) represents the
radian measure of the angle made by the positive x-axis and the line joining the origin
and the point (c, f (c)). The critical points of the function φ are precisely the values of
x for which the tangent line to f goes through the origin.

φ(x) = arctan( f (x)/x);
φ′(x) = x f ′(x) − f (x)

x2 + ( f (x))2
.
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