
is added to (6), we get

(n + 2) ln

(
1 + 1

n + 1

)
< (n + 1)

∫ 1+1/n

1

1

x
dx = (n + 1) ln

(
1 + 1

n

)
. (7)

Thus, (1 + 1
n )n+1 is decreasing with n.

Neither sequence is of much value to approximate e numerically. Mercer [4] shows
that the related sequence (

1 + 1

n

)n
(

1+ 6n+5
12n2+12n+1

)

is more rapidly convergent, and yet it has just nine places of decimal accuracy when
n = 100. Series representations of e are much superior computationally. A nice dis-
cussion of this approach can be found in Brothers [1], where, using only elementary
considerations, he obtains a series of 20 terms that gives 78 correct digits of e.

Added in proof: It has come to the author’s attention that a proof based on
Bernoulli’s inequality appears in R. E. Johnson and F. L. Kiokemeister, Calculus
with Analytic Geometry, Allyn and Bacon, 1957, pp. 264–265.
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◦

Spraying a Wall with a Garden Hose
James Alexander (james.alexander@cwru.edu), Case Western Reserve University,
Cleveland, OH 44106

Most of us, at some time in our lives, have stood with a garden hose in hand, swing-
ing it around, wetting everything possible, perhaps the internal mathematician also
noticing how the arc of water lags behind our aim. This of course is because a drop of
water leaves the hose in a particular direction that is unaffected by later movements of
the hose. Suppose there is a straight obstacle, such as a wall, in the path of the water,
and for simplicity, assume the sprayer is rotating at a constant angular speed. A simple
question: what is the motion of the point where the water hits the wall?

Call this point the splash point. For purposes here, assume an ideal wall—it runs
off to infinity in each direction. Also assume ideal hose and water—(a) gravity has
no effect, so only the horizontal behavior is of concern, and (b) neither does friction,
so the water has uniform speed c once it leaves the hose. In fact, we assume the hose
pressure is ideal also, so the speed of the water leaving the hose is constantly c. There
is some mathematics even with these assumptions.
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On a purely qualitative first thought, it might seem the splash point should move
from left to right (assuming you are rotating clockwise), speeding up where the wall
is closer to you and slowing down, maybe to zero speed at the extremes to the left and
right. On second thought, maybe not. After all, the speed of the water is finite, and as
your aim goes towards the end of the walls, either left or right, the time to hit the wall
goes to infinity. So water will hit towards the center of the wall before it hits at the left,
even though the water towards the left left the hose first. Our purpose here is to do the
math to find the answer.

This analysis revisits a paper of Althoen and Weidner [1], in which they use light
of finite speed instead of water. However, the speed of light is so great that any effect
cannot be seen experimentally. But with a hose, one can run the experiment and ob-
serve the phenomenon, which should be evident if the rotation rate is at least about 45◦
in the time it takes water to go from the hose to the wall (see Figure 2). We also draw a
mathematical lesson different from Althoen and Weidner. They phrase the problem as
one of related rates, using calculus to develop results for the velocity. We concentrate
on the position of the splash point rather than the velocity. Calculus is not necessary,
and a clear picture of the behavior of the splash point may be developed by straight-
forward algebra and trigonometry and a graphing calculator (although calculus gives
refined details). Even so, there is a pedagogical issue: the answer comes out in terms
of the function inverse to what is wanted, and (re-)inversion is not possible in any rea-
sonable closed way. In fact, the function, like x → x2, does not have a function for an
inverse, and one must understand how to read the results. Graphs tell the story best.

We turn to the model. See Figure 1. We first (as good mathematical modelers)
rescale (or non-dimensionalize) so as to reduce the number of parameters to a min-
imum, in this case only c. We rescale distance so that the sprayer is at perpendicular
distance 1 from the wall. Then we rescale time so that the rotation rate is 1 radian/time
unit. Thus time t measures both time and the angle. We fix t = 0 when the hose is
pointing at the closest point on the wall. Let s be the distance along the wall, measured
from the closest point. We analyze only one “swipe”: water leaving the hose from an
angle of −π

2 to π

2 . The remaining parameter is the speed of the water c.

wall
S

1

S

�t

t~ t

Figure 1. The geometry of spraying a wall, looking down from directly above. The sprayer is
at point S, rotating clockwise at constant rate 1 radian/time unit. The distance from S to the
wall is 1 unit. The speed of the water is c. A drop of water leaves the hose at time (and angle)
t̃ and hits the wall at some time later t = t̃ + 	t at a distance s = tan t̃ along the wall. The
distance the drop travels is sec t̃ . The (horizontal) arc of the water itself is an Archimedean
spiral.

For any drop of water, let t̃ denote the time (hence the angle) at which it leaves the
hose, and t the time it hits the wall. The delay 	t = t − t̃ is the time it takes the drop
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to travel from the hose to the wall, namely sec t̃
c . Thus t = t̃ + sec t̃

c . On the other hand,
s = tan t̃ . Substituting and simplifying, we obtain the basic equation

t =
√

1 + s2

c
+ arctan s. (1)

What we want is s as a function of t , but we have to live with (1). We are forced to use
the mathematics of inverse functions.

Let us graph s in terms of t , say on a hand calculator. Some calculators graph
curves given parametrically, and one can use s as a parameter. If not, the following
trick works. Graph the negative of (1) and rotate the display 90◦. Figure 2 exhibits
results for various values of c.

2 4 6
t

–10

–5

5

10
s

. 5

2

10100

Figure 2. Graph of s in terms of t for c = .5, 2, 10, 100, as labeled.

For t less than some threshold value tc, there is no splash point. The water has not
reached the wall. At t = tc, the splash point is at some position sc. For values beyond
tc, there are two splash points, one moving with the rotation direction from sc, and one
moving against it. The slope of the curve is the velocity; at sc, the velocity is infinite. If
c is infinite, the analysis is easy (and a standard exercise), s = tan t and sc has moved
off to −∞. In this case, the function is defined for |t | < π

2 , but for any c < ∞, the
function is defined for all t > tc.

With some calculus, refined information is available:

• sc = −
√

− 1
2 + 1

2

√
1 + 4c2,

• the graph is strictly monotonic (non-zero derivative) on each branch for t > tc, so in
particular the graph defines two functions, one increasing and one decreasing,

• for |s| large, asymptotically the velocity ds
dt ∼ c sgn s,

• for c large, asymptotically, sc ∼ −√
c (the graph of sc as a function of 1

c is exhibited
in Figure 3), and

• asymptotically for large |c|, tc ∼ −π

2 + 2√
c
,

• there is a point of inflection in the graph for c > .5 at s = 1√
4c2−1

.
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Figure 3. sc as a function of 1
c .

There are of course any number of follow-up questions that can be phrased. Here are
several for the interested reader.

• What (if anything) does the change in concavity for c > .5 mean?
• Which point (if any) on the wall gets the wettest? sc?, the point closest to the

sprayer?, the inflection point?, some other point?
• Least wet?
• What about different wall shapes? Circular? Other conic sections (depending on

eccentricity)?
• Is there a good way of expressing the answer for an arbitrarily-shaped wall?
• What if the water slows down in its traverse through the air?
• Take gravity into account.
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◦

Snapshots of a Rotating Water Stream
Steven L. Siegel (sls@niagara.edu), Niagara University, Niagara, NY 14109

Physics teaches us that trajectories are parabolic if we neglect air resistance and
change in altitude. Everyday experience seems to corroborate the theoretical equa-
tions. For example, when my neighbor waters a spot on the lawn, the stream from
the hose appears to be parabolic, as anticipated. However, when the hose is raised to
reach another spot, something happens to momentarily give me pause. I no longer
see parabolas while the hose is in transition. Of course, we resolve this mystery by
realizing that each drop is on a different parabolic trajectory.

Herein we will describe these new curves, which are snapshots of the stream taken
at fixed moments, by expressing each drop’s location in terms of the time that has
elapsed since its origin. We will investigate only the most elementary case, but the
idea is quite adaptable to the more complicated situations involving air resistance or
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