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We enjoyed reading the article by Walsh in the December 2006 issue of this MAGA-
ZINE [1], which introduces two simple models that exhibit rich nonlinear dynamics. It
is especially notable that both the queueing model [2] and the cobweb model [3] are
naturally derived from phenomena in the real world.

Mathematical modeling is powerful methodology in most fields in science, includ-
ing physics, chemistry, biology, and engineering. If a phenomenon is described in the
form of mathematical expressions, we can mathematically analyze and understand the
phenomenon with various mathematical tools.

An important aspect of mathematical modeling is its universality. It is often the
case that mathematical models for different phenomena in different fields share the
same mathematical structure. In this case, results from a model in a certain field can
be applied to other models in other fields through the common mathematical structure.
An impressive example in nonlinear science is the Feigenbaum constant [4] in cascades
of successive period-doubling bifurcations found in various phenomena.

In this Note, we introduce a few simple models with rich nonlinear dynamics in
the fields of neuroscience and high voltage engineering. Surprisingly, the mathemat-
ical expressions for these models are identical or similar to those in [1], though they
were proposed independently. This surprising coincidence can be considered as a good
example illustrating the universality of mathematical modeling.

Nagumo-Sato neuron model

Neurons are the basic elements of nervous systems that realize information process-
ing in the brain. Information in the nervous systems is transmitted between neurons
mostly in the form of electrical pulses. Each neuron receives inputs from other neu-
rons through synaptic connections, and when the amount of the inputs exceeds a cer-
tain threshold, the neuron emits an electrical pulse and outputs it to other neurons
through synaptic connections.

The Nagumo-Sato neuron model [5] is a mathematical neuron model proposed on
the basis of Caianiello’s neuronic equations [6] to elucidate the mechanism of neu-
ronal response. It can be considered as one of the simplest neuron models with re-
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fractoriness, which is the effect that discourages the neuron from firing twice in quick
succession.

The Nagumo-Sato neuron model is a discrete-time model whose outputs are defined
for time t ∈ {0, 1, 2, . . . }. Each output xt at time t can take only the values 0 or 1,
where 0 represents the resting state and 1 represents the firing state. The Nagumo-Sato
neuron model can be described by the following equation:

xt+1 = H

(
A − α

t∑
r=0

kr xt−r − θ

)
, (1)

where A is the input strength which is assumed to be constant, H(u) is the Heaviside
step function (H(u) = 1 if u ≥ 0, H(u) = 0 if u < 0), θ is the threshold value, and
α > 0 and k ∈ [0, 1] are scaling and attenuation parameters for refractoriness, respec-
tively. With Eq. (1), the output xt+1 at time t + 1 can be calculated from the history of
the past firing sequence up to time t .

To investigate the dynamics of the model, we define the internal state yt+1 of the
neuron at time t + 1 as follows:

yt+1 = A − α

t∑
r=0

kr xt−r − θ. (2)

Then the output xt+1 at time t + 1 is simply determined from yt+1 by

xt+1 = H(yt+1). (3)

It is easy to check that yt+1 and yt satisfy the following equation:

yt+1 = kyt − αH(yt ) + (1 − k)(A − θ). (4)

What should be emphasized here is that yt+1 is determined only by yt . Therefore,
Eq. (4) gives a one-dimensional dynamical system. Once the initial state y0 is fixed,
the orbit y0, y1, y2, . . . is iteratively determined by Eq. (4), and the sequence of the
outputs x0, x1, x2, . . . are consequently determined by Eq. (3). Thus, Eq. (4) describes
the dynamics of the Nagumo-Sato neuron model.

It is surprising that Eq. (4) is exactly equivalent to the function g in [1] (see Fig. 10
in [1]) that is obtained as an extreme case of the cobweb model. As noted for g in
[1], the Nagumo-Sato neuron model has a stable periodic orbit for almost every input
A, and the set of A’s for which the model does not have any stable periodic orbit has
fractal structure [7].

Chaotic neuron model

Although thresholding is an important process in real neurons, it is actually not as strict
as the Heaviside step function. Rather, it should be described by continuous functions
such as a sigmoidal function

φ(u) = 1

1 + exp(−u/ε)
,

where the parameter ε > 0 represents strictness of thresholding. Thus, by replacing
the Heaviside function H(u) in the Nagumo-Sato neuron model (1) with a sigmoidal
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function φ(u), the chaotic neuron model [8] is obtained. The output xt+1 at time t + 1
can be calculated from the history of past firing sequence up to time t as follows:

xt+1 = φ

(
A − α

t∑
r=0

kr xt−r − θ

)
. (5)

We also define the internal state yt+1 by Eq. (2), exactly in the same way as for the
Nagumo-Sato neuron model. Then the following equations hold:

xt+1 = φ(yt+1), (6)

yt+1 = kyt − αφ(yt ) + (1 − k)(A − θ). (7)

Equation (7) provides a bimodal map with parameter regions where the dynamics are
chaotic, as the name of the model implies [8]. The model given by Eqs. (6) and (7)
can be extended to chaotic neural networks composed of chaotic neurons [8, 9], which
produce rich nonlinear dynamics with engineering applicability [10, 11, 12]. Chaotic
response was also observed in physiological experiments on real neurons [13].

Readers may notice that Eq. (7) is exactly identical to the equation for the cobweb
model, as is Eq. (10) in [1]. The queueing model (cf. Eq. (7) in [1]) is also similar, but
the coefficient k in the chaotic neuron model (7) is usually between 0 and 1, whereas
the corresponding coefficient in the queueing model is precisely 1. The neuron model
with k = 1 is physiologically implausible because it means that refractoriness lasts for-
ever without any attenuation and the neuron eventually stops firing. However, despite
this difference in k, they exhibit similar chaotic dynamics.

Partial-discharge model

The next model arises in high voltage engineering. Electrical discharges that only par-
tially bridge the insulation between conductors are called partial discharges. Partial
discharges in high-voltage systems are not directly disastrous, but they cause harmful
effects such as energy loss and gradual degradation of the insulation, which may finally
result in disastrous consequences. Thus analysis and diagnosis of partial discharges are
important topics in high voltage engineering.

The three-capacitance model is the simplest model for partial-discharge phenom-
ena. The model itself is old, proposed more than fifty years ago, but its complicated
dynamics have been revealed only recently [14]. We omit detailed explanation of the
model itself here, but its dynamics can be reduced to the class of double rotations [15].
A double rotation f(α,β,c) : [0, 1) → [0, 1) for (α, β, c) ∈ [0, 1) × [0, 1) × [0, 1] is de-
fined by

f(α,β,c)(x) =
{

{x + α} if x < c,
{x + β} if x ≥ c,

where {x} denotes x − �x�. Double rotations can be considered as piecewise isome-
tries, or more specifically, interval translation mappings [16].

Although double rotations are discontinuous and non-invertible in general, almost
every double rotation can be reduced to a simple rotation, and the set of the parameter
values for which a double rotation is not reducible to a rotation has fractal structure [15,
17]. Because of this self-similar structure in the parameter space of double rotations,
the average discharge rate of the three-capacitance model as a function of the applied
voltage is very complicated, resembling a devil’s staircase, despite the simplicity of
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the model. This structure is quite similar to that of the Nagumo-Sato neuron model
(and equivalently g in [1]).

The class of double rotations obviously includes simple rotations fα in [1] that are
derived as an extreme case of the queueing model. Though the coefficient for x is
always 1 in both simple and double rotations, the dynamics of double rotations are
nontrivial in general, because of the discontinuities.

Concluding remarks

As pointed out in [1], these simple models motivated by the real world show dynamics
rich enough to be presented as examples of essential aspects of chaos theory. Moreover,
these dynamics are closely related to contemporary research topics in mathematics
such as the dynamics of piecewise isometries.

We also believe that the coincidences reported here illustrate the universality of
mathematical modeling, for they give a strong impression that mathematical modeling
can be considered as a “hub” that provides interdisciplinary connections among the
various research fields which appear, at first glance, to be entirely different.
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