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the reader may verify, that
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Thus, {xn} converges nonmonotonically to 0, but f (0) �= 0.

Conclusion

So even if a Newton sequence of a function converges, there’s no guarantee that it
converges to a zero of that function, and that’s no fooling!
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We all know that a function whose derivative is zero everywhere must be constant.
Have you ever wondered about this fact? Perhaps it appears so intuitively obvious to
you that no further thought is needed. What else could a function be whose graph has
everywhere a horizontal tangent? Yet the detailed proofs presented in most calculus
texts do not attempt to fill in the gaps to turn a vague intuitive argument into a correct
proof. Instead, the proofs invariably involve an elaborate and completely unmotivated
detour via the existence of extrema, Rolle’s Theorem and the Mean Value Theorem.
Professional mathematicians and committed mathematics students may appreciate the
elegance and logic of such a proof, yet the vast majority of our students and anyone
else who tries to understand the basic ideas of calculus might wonder about the lack of
a direct and correct intuitive argument that validates what is surely one of the important
truths of calculus.

The trouble with the apparently so “obvious” statement is that it ultimately relies
on the completeness of the real numbers. Note, for example, that there exist strictly
monotonic differentiable functions f on [0, 1] which satisfy f ′(r) = 0 at all rational
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numbers r ([8, p. 216]). Therefore, any intuitive argument that does not acknowl-
edge this fact—at least in the background, clearly visible to anyone familiar with
completeness—is bound to misrepresent the situation.

There are of course proofs of this result and of other closely related basic calcu-
lus theorems that avoid the Mean Value Theorem. (See, for example, references [1]–
[5], [7]). Surprisingly, at least to my knowledge, none of these arguments has entered
mainstream calculus texts, where the Mean Value Theorem continues to dominate. So
it might be useful to present an intuitive and correct argument that should be con-
vincing to anyone with a crude understanding of derivatives, and that may easily be
strengthened into a rigorous proof. At the technical level, this note does not add any
novel ideas. In particular, in different formulations, the simple observation at the heart
of the argument has been used in this context before, for example in [4] and [7].

A popular intuitive explanation of derivatives involves the concept of instantaneous
velocity, easily understood as the “limit” of average velocities over shorter and shorter
time intervals. The speedometer in a car provides a familiar instrument that displays
the velocity at any given moment. Rephrasing the result in this framework simply says
that if the instantaneous velocity is always zero, then there is no motion at all, in other
words, the average velocity over any time interval is zero. Equivalently, if the average
velocity is nonzero over some time interval, then, at some time, the instantaneous ve-
locity must be nonzero as well. Everyone would probably agree that either version is
consistent with one’s experience and hence “obvious”. Yet the “obvious” straightfor-
ward attempt to turn this argument into a proof typically fails, because nonzero average
velocities may very well approximate an instantaneous velocity that is zero.

What is needed is a sequence of nonzero average velocities over shrinking time
intervals that manifestly has nonzero limit.

The following simple observation provides the key to the construction of such a
sequence.

If during each of two successive time periods [t0, t1] and [t1, t2] the average velocity
is less than or equal to v, then the average velocity over the combined period [t0, t2] is
also less than or equal to v.

Again, this statement is consistent with our experience and completely “obvious”.
Moreover, in contrast to the earlier statements, it also has the great advantage that it
is easily verified straight from the definitions by simple algebra—there is no need to
invoke any subtle properties of numbers here. Just try it! I therefore skip the short
proof.

It is now clear how to proceed. Suppose the average velocity v0 over the interval
[c0, d0] is nonzero, say v0 > 0. Divide the interval in half. By the observation just
made, v0 is less than or equal to the maximum of the average velocities over each half
interval. In other words, the average velocity v1 over at least one of these half intervals
must be at least as large as v0, i.e., v1 ≥ v0. Label that half by [c1, d1]. Continue this
process. At the nth step one obtains an interval [cn, dn] ⊂ [cn−1, dn−1] ⊂ [c0, d0] of
length (d0 − c0)/2n , so that the average velocity vn over [cn, dn] satisfies vn ≥ v0. Let
T be a point (in fact the only point) contained in all these intervals. (For the technically
minded: this is precisely the place where the completeness of R must be invoked!)
Then the instantaneous velocity v(T ), being the limit of average velocities vn ≥ v0

over shorter and shorter time intervals shrinking to T , must also be greater than or
equal to v0 > 0, and hence v(T ) �= 0 as needed. If desired, the last (intuitive) argument
can be made rigorous by invoking the precise limit definition of derivatives combined
with the observation above to pass from average velocities over [cn, dn] = [cn, T ] ∪
[T , dn] to intervals with one endpoint at T .

What if v0 < 0? Then the preceding argument still gives v(T ) ≥ v0, although now
this does not imply v(T ) �= 0. Yet it seems perfectly reasonable that the whole argu-
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ment can be modified to also find T ∗ with v(T ∗) ≤ v0. Most students will be willing to
accept this; if not, they should work through the exercise, thereby demonstrating that
they really understand what is going on. Alternatively, one may refer to the following
slightly more abstract discussion.

Let us summarize the standard consequences that are central to this circle of ideas.
For a function f defined on an interval I , we denote the average rate of change of f
over [a, b] ⊂ I , where a < b, by

�( f, [a, b]) = f (b) − f (a)

b − a
.

The argument we just went through proves the second inequality in the following the-
orem. The first inequality follows by applying that result to − f in place of f .

THEOREM. Assume that f is differentiable on I . If [a, b] ⊂ I , then there exist xlow

and xhigh ∈ [a, b] such that

f ′(xlow) ≤ �( f, [a, b]) ≤ f ′(xhigh).

The result that prompted the whole discussion follows immediately.

COROLLARY 1. If f ′ ≡ 0 on I , then f is constant.

Proof. By the Theorem, the hypothesis implies �( f, [a, b]) = 0, i.e. f (b) = f (a)

for all a, b ∈ I .

COROLLARY 2. If f́ ′ ≥ 0 on I , then f is increasing on I .

Proof. �( f, [a, b]) ≥ f ′(xlow) ≥ 0 implies f (b) ≥ f (a).

COROLLARY 3. If f́ ′ > 0 on I , then f is strictly increasing on I .

Proof. �( f, [a, b]) ≥ f ′(xlow) > 0 implies f (b) > f (a).

Corresponding statements hold for f ′ ≤ 0 or f ′ < 0.

COROLLARY 4. (Mean Value Theorem for continuously differentiable functions.)
If f ′ is continuous on I , then there exists p ∈ [a, b] such that f ′(p) = �( f, [a, b]).

Proof. Apply the Intermediate Value Theorem to f ′ and the value �( f, [a, b])
which lies between f ′(xlow) and f ′(xhigh).

Our discussion shows that the important and natural question of finding all an-
tiderivatives of the zero function can be answered in a well motivated and direct way.
The resulting mean value inequality easily handles all the other related elementary
calculus results. Perhaps this should become the preferred approach in introductory
calculus texts. (See [7], for example.) Purists may argue that the additional continuity
requirement in the proof of the standard Mean Value Theorem is a major flaw, but I
agree with L. Bers [1] that the version of that theorem given here is all that’s needed
at this level. Differentiable functions with discontinuous derivative are an anomaly of
interest mainly to mathematicians. Let us keep matters simple and transparent for our
main audience.
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