
• Complementary solution: Solve t2 y′′ − 4t y′ + 4y = 0 to obtain yc = c1t +
c2t4.

• Particular solution: Find a solution of t2 y′′ − 4t y′ + 4y = 4t2(ln(t))2 − t.
The particular solution takes the form yp = yp1 + yp2 . Since the first

function is 4t2(ln(t))2, by Theorem 2 the first component of yp, yp1 , is(
A + B(ln(t)) + C(ln(t))2

)
t2. The particular solution corresponding to the

second function, t , is determined using Theorem 1. Since 1 is a simple
root of the characteristic equation, the second component of yp, yp2 , is
Dt ln(t). So, yp = (

A + B(ln(t)) + C(ln(t))2
)

t2 + Dt ln(t). Plug yp into
the differential equation, collect terms, and equate coefficients to obtain
A = −3, B = 2, C = −2, and D = 1

3 , so

yp = (−3 + 2 ln(t) − 2(ln(t))2
)

t2 + 1

3
t ln(t).

General solution: y = yc + yp, so

y(t) = c1t + c2t4 + (−3 + 2 ln(t) − 2(ln(t))2
)

t2 + 1

3
t ln(t) .

It is straightforward to generalize the approach described in this paper to higher
order Euler-Cauchy equations.

Acknowledgments. The author gratefully acknowledges the assistance of the editors in revis-
ing this manuscript.

Summary. The Euler-Cauchy equation is often the first higher order differential equation with
variable coefficients introduced in an undergraduate differential equations course. Putting a
non-homogeneous Euler-Cauchy equation on an exam in such a course, I was surprised when
some of my students decided to apply the method of undetermined coefficients, supposedly
guaranteed to work only for constant-coefficient equations, and obtained the correct answer! It
turns out that a particular solution to this equation has a form similar to that of standard unde-
termined coefficients, if the right-hand side function is of a certain type. Thus the Euler-Cauchy
equations can be solved without using variation of parameters or a substitution transforming
the equation to a constant-coefficient equation.

◦

Suspension Bridge Profiles
C.W. Groetsch (charles.groetsch@citadel.edu), The Citadel, Charleston SC 29409-
6420 doi:10.4169/074683410X488737

The shape of a uniform flexible cable hanging by its own weight—the catenary—is
an historically significant topic in an elementary differential equations course, often
deemed too specialized for a first calculus course. However, the conceptually simpler
case of a heavy uniform horizontal roadbed or deck suspended from a cable of in-
significant mass—leading to a parabolic profile—is more tractable and can profitably
be presented in the calculus classroom (e.g., [3]). Here we treat the slightly more gen-
eral problem of a non-uniform deck, characterize the shape of the suspension cable,
reveal the catenary to be a special case, and illustrate some other interesting properties
of this model.
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Suspension profiles
Suppose a horizontal deck is identified with the interval −1 ≤ x ≤ 1 and has a lin-
eal mass density w(x) which is an even, positive, continuous function. The deck is
connected to an overhead suspension cable by closely spaced, essentially weightless
vertical suspenders that transfer the weight of the deck to the suspension cable, the
shape of which is described by a function y(x). The suspension cable is in static equi-
librium with its lowest point at x = 0, and we choose coordinate axes so that y(0) = 0.
As w(x) is an even function we restrict our attention to the right hand half, 0 ≤ x ≤ 1,
and for convenience we take the total mass of the deck to be 2:

∫ 1

0
w(u) du = 1. (1)

Consider a portion of the cable situated above the interval [0, x] as in Figure 1. Let
H be the horizontal tension at the origin, T be the tension at the point (x, y(x)), and θ

be the angle of inclination of the tangent line through (x, y(x)). In static equilibrium
one has:

T sin θ =
∫ x

0
w(u) du, T cos θ = H,

and hence

dy

dx
= tan θ = 1

H

∫ x

0
w(u) du.

Integrating this (using y(0) = 0) leads to

y(x) = 1

H

∫ x

0

∫ s

0
w(u) du ds = 1

H

∫ x

0
w(u)(x − u) du, (2)

with

1

H
= y(1)∫ 1

0
w(u)(1 − u) du

.

y = f (x)

T
θ

H

y

x
Loadbed density

w (x)

Figure 1. A suspension profile.
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A function y(x) of the form (2) for some density function w, satisfying our stated
conditions, will be called a suspension profile. Some necessary conditions for y to be
a suspension profile are immediate, namely, y(0) = 0,

y′(x) = 1

H

∫ x

0
w(u) du (hence y′(0) = 0), (3)

and

y′′(x) = w(x)

H
. (4)

In particular the graph of y is increasing and concave-up. It turns out that these condi-
tions are also sufficient:

Proposition. A function y(x) is a suspension profile if and only if y is twice differ-
entiable on [0, 1], y(0) = y′(0) = 0, and y′(x), y′′(x) > 0 for x ∈ (0, 1].

We prove that these conditions are sufficient by constructing a density w that gen-
erates y in accordance with (2). Equations (1), (3) and (4) indicate that

w(u) = y′′(u)

y′(1)
,

does the trick. In fact, with this definition of w we find that

∫ 1

0
w(u) du = 1

y′(1)
(y′(1) − y′(0)) = 1,

and an application of integration by parts yields

∫ x

0
w(u)(x − u) du = 1

y′(1)

∫ x

0
y′′(u)(x − u) du

= 1

y′(1)

{
(x − u)y′(u)

∣∣x

0
+

∫ x

0
y′(u) du

}

= y(x)

y′(1)
,

and so y′(1) = y(1)/
∫ 1

0 w(u)(1 − u) du. We then find

y(x) = y′(1)

∫ x

0
w(u)(x − u) du = y(1)

∫ x

0
w(u)(x − u) du

∫ 1

0
w(u)(1 − u) du

,

showing that y is a suspension profile.
The catenary with supports of equal height at x = ±1 and low point at the origin

has the form (see, e.g. [2])

y(x) = a cosh (x/a) − a,
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for suitable a. This function satisfies the conditions of the Proposition, and hence the
catenary is a suspension profile. In other words, the catenary, while usually modeled
as a free cable hanging by its own weight, may be synthesized as a weightless cable
supporting a horizontal deck with non-uniform mass density

w(x) = y′′(x)

y′(1)
= cosh (x/a)

a sinh (1/a)
.

To put it another way, the suspension profile engendered by this strange non-uniform
loading is the same shape that results if the cable has a uniform mass density and
supports no external load.

Tangents and centroids
Suspension profiles possess an interesting tangent property which was observed for
the special case of the catenary by Father Pardies ([1, p. 126]) in 1673, but seems not
to have been noticed in general, namely, the line tangent to the suspension profile at
the point (x, y(x)) intersects the horizontal deck at the centroid (relative to the mass
density w) of the segment [0, x]. Indeed, this tangent line crosses the x-axis at C(x),
where

−y(x) = y′(x)(C(x) − x), (5)

and hence, by (3) and (2):

C(x) = x − y(x)

y′(x)

= x − H y(x)∫ x

0
w(u) du

=

(∫ x

0
w(u) du

)
x −

∫ x

0
w(u)(x − u) du

∫ x

0
w(u) du

=

∫ x

0
w(u)u du

∫ x

0
w(u) du

,

which is the centroid of the segment [0, x].
If the deck has uniform density, that is, w(u) = 1, then the suspension profile is

parabolic: y(x) = y(1)x2. In this case C(x) = x/2. A well-known characterization
of the parabola in terms of the intersection points of pairs of tangent lines [4] has
an extension to general suspension profiles. We show that knowledge of C(x), the
point where the tangent line to the suspension profile at the point (x, y(x)) crosses
the horizontal axis, may be used to recover the suspension profile. In fact, given C(x),
equation (5) leads to the first order linear differential equation

dy

dx
− 1

x − C(x)
y = 0,
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which has solution

y(x) = y(1) exp

{∫ x

1

1

u − C(u)
du

}
,

giving the suspension profile in terms of the intersection point (C(x), 0) of the lines
tangent to the profile at the points (0, 0) and (x, y(x)), respectively. In the special case
of a uniform deck this reproduces the parabola y(x) = y(1)x2.

Summary. The standard model of a uniform roadbed suspended from a weightless cable con-
strains the cable to a parabolic shape. What if the roadbed is not uniformly loaded? We charac-
terize the shape of the suspension cable in this case, and show that, among other possibilities,
a catenary may arise. Additional properties of such suspension profiles are discussed, and the
work of a seventeenth century Jesuit savant makes a cameo appearance.
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I wanted certainty in the kind of way which people want religious faith. I thought
that certainty is more likely to be found in mathematics than elsewhere. But I dis-
covered that many mathematical demonstrations, which my teachers expected
me to accept, were full of fallacies, and that, if certainty were indeed discov-
erable in mathematics, it would be in a new kind of mathematics, with more
solid foundations than those that had hitherto been thought secure. But as the
work proceeded, I was continually reminded of the fable about the elephant and
the tortoise. Having constructed an elephant upon which the mathematical world
could rest, I found the elephant tottering, and proceeded to construct a tortoise to
keep the elephant from falling. But the tortoise was no more secure than the ele-
phant, and after some twenty years of very arduous toil, I came to the conclusion
that there was nothing more that I could do in the way of making mathematical
knowledge indubitable.

—Bertrand Russell from Portraits from Memory and Other Essays

LADY: A tiger devoured him in Janjapara Jungle. He was always putting his
courage to the test until finally the Supreme Being lost his patience. He died two
days after the accident, and I assure you he died beautifully. His belly was torn to
pieces, and he suffered terribly. But up to the last moment he was reading Russell
and Whitehead’s Principia Mathematica. You know—all those symbols.

—from Act I of “The Water Hen” by Stanislaw Ignacy Witkiewitz (1921)
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