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In their excellent elementary text Statistics, David Freedman and his coauthors [1]
present the usual interpretation of the correlation of a bivariate data set as a measure of
the vertical spread of the points in the data set about the least squares (regression) line
and then present examples to show that restricting the range of one variable (or of both
variables) of a bivariate data set can reduce the absolute value of the correlation. In the
examples presented, this phenomenon, sometimes called attenuation of correlation, is
easily seen in scatterplots of the data: the data that remain after removing the points
outside the selected range appear to follow a “weaker” linear pattern than the original
data set did.

Freedman, Pisani, and Purves then pose the following problem [1, p. 154].

The FPP Problem An investigator collects data on heights and weights of college
students with the following results. For the men in the sample, height has a mean of
70 inches and a standard deviation of 3 inches; weight has a mean of 144 pounds and
a standard deviation of 21 pounds; the correlation between height and weight is .6.
For women in the sample, height has a mean of 64 inches and a standard deviation
of 3 inches; weight has a mean of 120 pounds and a standard deviation of 21 pounds;
the correlation between height and weight is .6. If the data for men and women are
combined to form one data set, would the correlation between height and weight be
just about .6, somewhat less than .6, or somewhat greater than .6?

Since the average weight (and height) for women is less than the average weight
(and height) for men, the authors intend for the reader to regard the male data (or the
female data) as somewhat analogous to a subset of the combined data set obtained
by restricting the ranges of both the height and weight variables. In other words, the
authors expect the reader to conclude that the correlation of the combined male-female
data set is somewhat greater than .6 because men tend to be heavier and taller than
women.

The FPP Problem led me to think about pairs of bivariate data sets with the same
nonnegative correlation, such that one data set has larger means for both variables, and
ask for (additional) conditions guaranteeing that the union of the two data sets has cor-
relation greater than the common correlation of the two data sets. The analysis I give
to answer this question is easily adapted to find (additional) conditions guaranteeing
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that the union of the two data sets has correlation less than the common correlation
of the two data sets for the case of pairs of bivariate data sets with the same negative
correlation such that one data set has larger mean for one variable and smaller mean
for the other variable.

Thus I consider two bivariate data sets. The first data set consists of n1 pairs (x1, y1)

of real numbers with correlation r1 and means x1 and y1 and standard deviations s1

and t1 for the variables x1 and y1, respectively. The second data set consists of n2

pairs (x2, y2) of real numbers with correlation r2 and means x2 and y2 and standard
deviations s2 and t2 for x2 and y2, respectively. Also, let p = n1/(n1 + n2), q = 1 − p,
�x = x2 − x1, and �y = y2 − y1. Finally, let rc denote the correlation of the union of
the two bivariate data sets. Also note that by “standard deviation” of a univariate data

set, Freedman and his coauthors mean the quantity
√∑n

i=1(xi − x)2/n. Throughout
this article I will use the same convention.

A straightforward calculation yields the following formula:

rc = pr1s1t1 + qr2s2t2 + pq�x�y√
[ps2

1 + qs2
2 + pq(�x)2][pt2

1 + qt2
2 + pq(�y)2]

. (1)

The derivation of (1) makes use of of identities familiar from elementary statistics,
such as the formulas

n∑
i=1

(xi − x)2 =
n∑

i=1

x2
i − nx2 and

n∑
i=1

(xi − x)(yi − y) =
n∑

i=1

xi yi − nx y.

Let us now look at the special case n1 = n2 (so p = q = 1/2), r1 = r2 = r , s1 =
s2 = s, and t1 = t2 = t . For this situation, (1) yields the formula

rc = rst + .25�x�y√[s2 + .25(�x)2][t2 + .25(�y)2] . (2)

As an example illustrating the use of this formula, we assume that the data set in the
FPP Problem contains an equal number of men and women. With r = .6, s = 3, t =
21, �x = 6, and �y = 24, we apply (2) to obtain rc = 73.8/

√
10530

.= .72 > .6 = r.
Thus the correlation of the combined data set is larger than the common correlation of
the male and female data sets.

For the special case leading to formula (2), under the additional assumptions that
r ≥ 0, �x > 0, and �y > 0, intuition and computer examples suggest that the ratios
�x/s and �y/t play a role in determining when rc > r . To look at this analytically,
we use (2) and solve the inequality rc > r . For convenience, let α = �x/(2s) and
β = �y/(2t), so that (2) gives the expression

rc = r + αβ√
(1 + α2)(1 + β2)

,

from which the solution of the system of inequalities rc > r ; r ≥ 0 is easily seen to be

0 ≤ r <
αβ

α2 + β2 + α2β2

[
1 + √

1 + α2 + β2 + α2β2
]
, (3)

an expression indicating that the inequality rc > r does indeed depend on �x/s and
�y/t . The direction of the inequality in (3) is not surprising, in light of the fact that
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r = 1 is the “extreme” case. In fact, if r = 1, the two bivariate data sets lie on lines with
slope t/s, and rc = r = 1 iff the two least squares lines are identical. It is interesting
to note that for the FPP Problem, preserving all assumptions except the value of r , the
critical value of r given in (3) is (4/81)[7 + √

130] or approximately .909. Thus for
the FPP Problem, rc > r , provided that r < (4/81)[7 + √

130].
For another approach to the role of the ratios �x/s and �y/t in determining when

rc > r , leading to an expression somewhat simpler than (3), we return to the assump-
tions that led to (3). We make two changes: we drop the assumption n1 = n2 and (for
convenience in a discussion below of necessity and sufficiency) we assume that r < 1.
Thus we make the following assumptions:

r1 = r2 = r, s1 = s2 = s, t1 = t2 = t, �x > 0, �y > 0, and 0 ≤ r < 1. (4)

We now find a condition under which, for all values of p ∈ (0, 1), rc > r . Also, under
the specified condition, we find the value of p that maximizes rc. For convenience, put
λ = pq and note that 0 ≤ λ ≤ .25. Regard rc as a function of λ and use (1) to obtain

rc(λ) = rst + λ�x�y√[s2 + λ(�x)2][t2 + λ(�y)2] . (5)

Use (5) to obtain r ′
c(λ) = Aλ+B

C(λ)
, where

A = t2(�x)3�y + s2�x(�y)3 − 2rst (�x)2(�y)2,

B = 2s2t2�x�y − rst3(�x)2 − rs3t (�y)2, and

C(λ) = 2
(√[s2 + λ(�x)2][(t2 + λ(�y)2]

)3
.

Let D = 2st�x�y
t2(�x)2+s2(�y)2 . Observe that rc(0) = r and that

B = st[t2(�x)2 + s2(�y)2](D − r).

Also note that under assumptions listed in (4), A > 0. To see this, let w2 = t
s

�x
�y ,

and note that

A

st (�x)2(�y)2
= t

s

�x

�y
+ s

t

�y

�x
− 2r = w2 + 1

w2
− 2r

> w2 + 1

w2
− 2 =

[
w − 1

w

]2

≥ 0.

It follows easily that if 0 ≤ r ≤ D, then r ′
c(λ) > 0 for 0 ≤ λ ≤ .25 and therefore

that rc is increasing on [0, .25]. Thus if 0 ≤ r ≤ D, then any combination of the two
bivariate data sets has correlation coefficient rc larger than r , and rc achieves its maxi-
mum value for a 50–50 mixture (λ = .25 or, equivalently, p = .5).

It is also interesting to observe that the “critical value” D can be expressed as
2[�x/s][�y/t]

[�x/s]2+[�y/t]2 , a familiar function of the scaled mean differences �x/s and �y/t . We
also note that in a generalization of the FPP Problem, keeping the means and standard
deviations the same but allowing the sample sizes n1 ≥ 1 and n2 ≥ 1 and the common
correlation r to vary, D = 56/65

.= .862. Thus if 0 ≤ r ≤ .86, then rc > r .
To conclude this article, we observe that under the assumptions listed in (4), the

condition 0 ≤ r ≤ D is necessary (and of course sufficient) for the conclusion that
for all values of p ∈ (0, 1), rc > r . Otherwise, r ′

c(0) < 0, so that by continuity of
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r ′
c, rc decreases on some interval [0, ε] and thus rc(ε) < r . On the other hand, under

the assumptions listed in (4), the condition 0 ≤ r ≤ D is sufficient but not necessary
for the conclusion that for some values of p ∈ (0, 1), rc > r . For example, for the
generalized FPP Problem with p = q = 1/2 and thus λ = 1/4, the right side of (3) is
4/(81)[7 + √

130] .= .909. Thus if (56/65) < r < 4/(81)[7 + √
130], then rc(1/4) >

r even though r > D.
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We give a short straightforward proof for a bound on the reminder term in the Taylor
theorem. The proof uses only induction and the fact that f ′ ≥ 0 implies the mono-
tonicity of f , so it might be an attractive proof to give to undergraduate students.

Let f be an n-times differentiable function in a neighborhood of a ∈ R. Recall that
the Taylor polynomial of order n of f at a is the polynomial

Pn(x) = f (a) + f ′(a)(x − a) + · · · + f (n)(a)

n! (x − a)n .

It will be convenient to define P−1(x) = 0. Let Rn = f − Pn be the remainder term.
Then

Theorem 1 (Lagrange’s formula for the remainder). If f has an (n + 1)th
derivative on [a, b], then there exists ξ ∈ [a, b] such that

Rn(b) = f (n+1)(ξ)

(n + 1)! (b − a)n+1.

This formula is the main tool for bounding the remainder of the Taylor expansion in
calculus classes, especially when this subject is taught before integration. One would
like to have some “natural” proof for it. In [3] it is suggested that induction seems
suitable, since P ′

n is the Taylor polynomial of f ′ of order n − 1, so R′
n(x) is given

by induction. This approach fails, since one cannot integrate R′
n(x) because the point

ξ = ξ(x) depends on x .
While we were teaching a first calculus course for chemistry and physics majors at

Tel-Aviv University, we observed that this obstacle can be removed if we change the
problem to finding a bound on the remainder. This is just as useful, since a bound is
all that is needed to show that the Taylor series converges to the function. From our
personal experience, we believe that this approach enables students to grasp the mate-
rial more easily. Furthermore, Lagrange’s formula can be deduced from the bound, as
we show at the end of this note.
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