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Incompleteness Theorem

PAUL F JELSTAD
32991 Dresden Ave.

Northfield, MN 55057
fjelstap@stolaf.edu

This paper attempts to come up with the minimal structure needed to mimic Gödel’s
formal system with regard to self-referring sentences, incompleteness, the futility of
striving for completeness, and the inability to define or name truth. It takes the ap-
proach used by Raymond Smullyan [2, pp. 169–192], who chooses for consideration
a special set of sentences involving the natural numbers, which numbers are used in
turn as code names for these sentences. That system is further simplified here, most
essentially by replacing the set of natural numbers with an arbitrary set that can have
as few as two members. It will be called a G-system, but first let us review Gödel’s
result.

Gödel systems Suppose we are given a formal axiom system that includes axioms
for the basic properties of the natural numbers and their arithmetic. A Gödel system for
these formal axioms is a code that uses natural numbers to represent not only the ax-
ioms, but the formal language (symbols) of the system. This enables the construction
of sentences in the arithmetic, which, upon decoding, refer to themselves. In Gödel’s
proof of his theorem, one such sentence asserts its own unprovability within the sys-
tem. By reasoning outside the system and assuming this sentence is false, it follows
the sentence is provable, which means either the system is not consistent, or, if consis-
tent, then the assumption is wrong and the sentence is true. Since a consistent system
in which all true sentences are provable is called complete, Gödel’s theorem can be
expressed simply as

A Gödel system, if consistent, is incomplete.

G-systems In order to construct sentences that refer to themselves, consider a set I
and let X be a subset of I . Then for i ∈ I , the sentence “i ∈ X” has i for the subject
and X for the predicate. Next, one assigns the elements i ∈ I as code names for some
of the subsets by means of a naming function N , where

N : I → { X | X ⊆ I }, i 	→ Ni .

The sentences “i ∈ Ni ” are then selected for consideration, and, by letting them in-
herit the same code names as the Ni , they can be decoded to assert something about
themselves. To make this explicit, define for each subset X the set of sentences coded
by the i ∈ X ,

S(X) = {“i ∈ Ni ” | i ∈ X } .

For the purposes of this paper, sentences not in S(I ) will be excluded from consid-
eration. For sentences in S(I ), note that the following assertion, call it Gi , is a direct
consequence of the above definition for the case X = Ni .

Gi : i ∈ Ni if and only if “i ∈ Ni ” ∈ S(Ni) .
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Thus, the sentence “i ∈ Ni ” can be interpreted, or decoded, as asserting something
about itself, namely that it is a member of S(Ni).

An interesting subset to consider is the truth subset,

T = {i | i ∈ Ni },
so S(T ) is the set of true sentences. If T is nameable with a code name, say t , so
T = Nt , then “t ∈ Nt” can be interpreted as saying of itself that it is true.

Another subset is the proof set P , consisting of the code names of the sentences
that are provable from the axioms, so S(P) is the set of provable sentences. Then if
P is nameable, say P = Np, the sentence “p ∈ Np” says of itself that it is provable.
Similarly, if P ′, the complement of P , is nameable, say by P ′ = Np′ , the sentence
“p′ ∈ Np′” becomes a form of the classic Gödel sentence that says of itself that it is
unprovable. For a G-system, which we are now ready to define, we want an axiom
asserting that if a subset is nameable, so is the complement. To this end, we will use a
complement function,

c : I → I, i 	→ c(i),

and then demand that i and c(i) name complements of each other, as in Axiom c,
which follows.

DEFINITION. A G-system I (N , c, P) consists of a set I , a naming function N , a
complement function c, and a specially designated subset P . It satisfies the following
two axioms.

AXIOM c. Nc (i) = Ni
′,

AXIOM P . If i ∈ P then i ∈ Ni .

After showing that P is a proof set (in the next paragraph), axiom P can be de-
coded as saying that if a sentence is provable then it is true. This is simply a property
of a consistent Gödel system, where Gödel’s great accomplishment was constructing
a predicate for natural numbers in the system’s formal language such that, upon de-
coding, it corresponded to the predicate “provable” for the sentences coded by natural
numbers.

The sentences of S(P) are just those of S(I ) that are provable. By axiom P it fol-
lows directly that the sentences in S(P) are provable. On the other hand the sentences
not in S(P) are not provable, since if i /∈ P , there is no way to decide from the ax-
ioms whether “i ∈ Ni ” is true or false. They are in fact undecidable, since both cases
are possible. Consider the example I = {1, 2}, P = {1}, c(1) = 2, c(2) = 1 with two
different naming functions N and M .

N1 = I, N2 = ∅, M1 = P, M2 = P ′ .

The axioms hold in both cases, so both are G-systems, and “2 ∈ N2” is false while
“2 ∈ M2” is true. The reader is encouraged to consider other examples of G-systems,
which are many and varied. In particular, P can be any subset of I , and N and c
needn’t be 1-1 mappings. A table of examples with various properties appears at the
MAGAZINE website.

The fact that there is a model for a G-system demonstrates that its axioms are con-
sistent. Consistency in turn means that any provable sentence is true, that is, S(P) ⊆
S(T ). Note that in the N case above S(P) = S(T ), while S(P) �= S(T ) for M , so one
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is complete and the other incomplete. Note also that P is named by M and not named
by N . This leads to the main result.

THEOREM P. A G-system, if P-nameable, is incomplete.

Proof. Assume Np = P for some p. Then, by axioms P and c,

If c(p) ∈ P , then c(p) ∈ Nc(p), but Nc(p) = Np
′ = P ′,

which is a contradiction. Thus c(p) /∈ P and “c(p) ∈ Nc(p)” /∈ S(P). However, the
following are equivalent,

c(p) /∈ P, c(p) ∈ P ′, c(p) ∈ Nc(p) ,

so c(p) ∈ Nc(p) and “c(p) ∈ Nc(p)” ∈ S(T ).

In an attempt to gain completeness for the system, one can add the troublesome sen-
tence as an axiom, or, what is equivalent, one can consider the G-system I (N , c, Q),
where Q = P ∪ {c(p)}, since then the new set of provable sentences is

S(Q) = S(P) ∪ {‘‘c(p) ∈ Nc(p)”} .

If Q is nameable, say by Q = Nq , then the new system satisfies Theorem P and the
sentence “c(q) ∈ Nc(q)” is true but not provable. If Q is not nameable, one can augment
the set I by adding new elements in order to have names for Q and its complement,
which means there will once again be a true but unprovable sentence. One can accord-
ingly continue indefinitely by alternately augmenting the set of provable sentences and
the set of names.

A result concerning the concept of truth, which corresponds to Tarski’s Theorem on
the formal undefinability of truth for a Gödel system is the following.

THEOREM T. For a G-system, T is unnameable.

Proof. Assume Nt = T for some t ∈ I . Then Nc(t) = Nt
′ = T ′ and the following

are all equivalent (remember the definition of T).

c(t) /∈ Nc(t), c(t) /∈ T ′, c(t) ∈ T , c(t) ∈ Nc(t),

which produces a contradiction.

Another way to arrive at this contradiction is to consider Gc(t), which asserts the
truth of the last sentence above if and only if this sentence is a member of the set of
untrue sentences, that is, this sentence is a form of the classic sentence “This sentence
is false.”

Comparison

In comparing a Gödel system with a G-system, there is a tradeoff between consistency
and nameability. In a Gödel system, all sentences are nameable, but the system may not
be consistent. If it is consistent, then it is incomplete. A G-system, on the other hand,
is consistent, but P may not be nameable. If it is nameable, then it is incomplete.

There is a kind of uncertainty principle here. To guarantee consistency, you can
go finite, but then you don’t have enough names to code all the sentences in your
language. To have enough names, you can go infinite, but you no longer can prove
consistency.
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In A Mathematician’s Apology [1] G. H. Hardy states, “8712 and 9801 are the only
four-figure numbers which are integral multiples of their reversals”; and, he further
comments that “this is not a serious theorem, as it is not capable of any significant
generalization.”

However, Hardy’s comment may have been short-sighted. In 1966, A. Sutcliffe [2]
expanded this obscure fact about reversals. Instead of restricting his study to base
10 integers and their reversals, Sutcliffe generalized the problem to study all integer
solutions of

k(ahnh + ah−1nh−1 + · · · + a1n + a0) = a0nh + a1nh−1 + · · · + ah−1n + ah

with n ≥ 2, 1 < k < n, 0 ≤ ai ≤ n − 1 for all i , a0 �= 0, ah �= 0. We shall refer to
such an integer a0 . . . ah as an (h + 1)-digit solution for n and write

k(ah, ah−1, . . . , a1, a0)n = (a0, a1, . . . , ah−1, ah)n.

For example, 8712 and 9801 are 4-digit solutions in base n = 10 for k = 4 and k = 9
respectively. After characterizing all 2-digit solutions for fixed n and generating para-
metric solutions for higher digit solutions, Sutcliffe left the following open question:
Is there any base n for which there is a 3-digit solution but no 2-digit solution?

Two years later T. J. Kaczynski∗ [3] answered Sutcliffe’s question in the negative.
His elegant proof showed that if there exists a 3-digit solution for n, then deleting the
middle digit gives a 2-digit solution for n. Together with Sutcliffe’s work, this proved
that there exists a 2-digit solution for n if and only if there exists a 3-digit solution
for n.

Given the nice correspondence between 2- and 3-digit solutions described by Sut-
cliffe and Kaczynski, it is natural to ask if there exists such a correspondence for higher
digit solutions. In this paper, we will explore the relationship between 4- and 5-digit
solutions. Unfortunately, there is not a bijection between these solutions, but there is
a nice family of 4- and 5-digit solutions which have a natural one-to-one correspon-
dence.

∗Better known for other work.


