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In 1696 Johann Bernoulli issued a famous challenge to his fellow mathematicians:

Given two points A and B in a vertical plane, find the curve connecting the two
points such that an object, starting with zero velocity at A, slides without friction
along the curve to B in the least possible time.

Such a curve is called a brachistochrone. Newton, Leibniz, l’Hôpital, Jakob Bernoulli
(Johann’s brother), and the challenger were able to show that a brachistochrone is a
segment of a cycloid arc. By a cycloid arc we mean the curve traced out by a point on
the rim of a disk as it rolls once along a line. The graph shows the cycloid arc formed
by a disk rolling underneath a horizontal line, which is the orientation appropriate for
our problem.
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Since the object starts with zero speed at A, this point lies at one end of the cycloid
arc. With the coordinate system shown, the cycloid arc is given by the equations

x = R(θ − sin θ) and y = R(1 − cos θ), (1)

with R being the radius of the disk and θ the angle that the disk has rotated from its
starting position at A.

The brachistochrone problem is considered to be the beginning of the calculus of
variations [3, 4], and a modern solution [8] would make use of general methods from
that branch of mathematics: the Euler, Lagrange, and Jacobi tests, the Weierstrass ex-
cess function and more. Even so, many solutions that avoid the calculus of variations
have been published [1, 2, 6]. The solution we present here amounts to little more than
a change of coordinate systems, and is general enough that we prove that the cycloid
arc yields the minimum travel time, not just among curves that are smooth, but also
among curves that have loops and corners.

To begin, we set up a Cartesian coordinate system for the vertical plane containing A
and B as above, with the x-axis horizontal and the positive y-axis pointing down. The
coordinates of the sliding object (x, y) are functions of time t on an interval [0, T ] such
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that A = (0, 0) = (x(0), y(0)) and B = (x(T ), y(T )). The number T is, of course, the
travel time of the object and the quantity we want to minimize.

Since we assume that there is no friction, the sum of the kinetic energy and the
gravitational potential energy, E = 1

2 mv2 − mgy, is a constant of the motion. Here
v is the speed of the object, m is the mass of the object, and g = 9.8 m/s2 is the
acceleration due to gravity at the Earth’s surface. By construction, we have y = 0 and
v = 0 at A, so E = 0, and

2gy = v2 (2)

throughout the object’s motion.
In what follows, we require that y > 0 and x > 0 except at A and (possibly) B. It is

plausible that any trajectory which minimizes travel time will satisfy these conditions.
Indeed, y ≥ 0 follows from (2).

We now change to a coordinate system in which the expected cycloid solutions to
the brachistochrone problem are built in. Specifically, we introduce new coordinates ρ

and τ , which are related to x and y by

x = ρτ − ρ2 sin
τ

ρ
and y = ρ2

(
1 − cos

τ

ρ

)
(3)

where 0 < ρ and 0 ≤ τ ≤ 2πρ. These equations are just (1) with R = ρ2 and θ =
τ/ρ. In particular, for a fixed ρ > 0, the curve parametrized by τ is a cycloid arc made
by rolling a disk of radius R = ρ2 along the x-axis. The graph shows several of these
cycloid arcs, as well as some constant τ curves, and makes plausible the fact, which
we prove later, that (3) represents a change of coordinate systems.
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We now suppose that all relevant trajectories of the object are given by functions ρ

and τ of time on the interval [0, T ] that determine the Cartesian coordinates (x, y) of
the object by (3). Notice from (3) that, since ρ > 0, the point A has zero τ -coordinate,
and so τ(0) = 0. We write ẋ , ẏ, τ̇ , and ρ̇ for the derivatives of these functions with
respect to time. Using the chain rule we can express ẋ and ẏ in terms of τ̇ and ρ̇:

ẋ = ∂x

∂τ
τ̇ + ∂x

∂ρ
ρ̇ =

(
ρ − ρ cos

τ

ρ

)
τ̇ +

(
τ + τ cos

τ

ρ
− 2ρ sin

τ

ρ

)
ρ̇,

ẏ = ∂y

∂τ
τ̇ + ∂y

∂ρ
ρ̇ =

(
ρ sin

τ

ρ

)
τ̇ +

(
2ρ − 2ρ cos

τ

ρ
− τ sin

τ

ρ

)
ρ̇.
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With a bit of calculation, which the reader may enjoy carrying out, (2) can be also
be written in terms of τ̇ and ρ̇.

2gy = v2 = ẋ2 + ẏ2

= 2ρ2

(
1 − cos

τ

ρ

)
τ̇ 2

+ 2

(
4 ρ2

(
1 − cos

τ

ρ

)
− 4 ρ τ sin

τ

ρ
+ τ 2

(
1 + cos

τ

ρ

))
ρ̇2

= 2y τ̇ 2 + 4

(
2ρ sin

τ

2ρ
− τ cos

τ

2ρ

)2

ρ̇2

(4)

Using this equation it is now easy to solve the brachistochrone problem. The term
in ρ̇2 is nonnegative, so 2yτ̇ 2 ≤ 2gy and, since y > 0 except at A and (possibly) B,
we have τ̇ ≤ √

g except perhaps at t = 0 and t = T . Integrating this inequality on the
interval [0, T ] gives

τ(T ) =
∫ T

0
τ̇ dt ≤

∫ T

0

√
g dt = √

g T , (5)

or τ(T ) ≤ √
g T . Thus the time taken for the object to travel from A to B is bounded

below (except for the factor
√

g) by the τ -coordinate of B.
One obvious way to obtain this minimum travel time is to set τ̇ = √

g and ρ̇ = 0,
since then (4) holds and we get equality in (5). This, of course, means that ρ is a
constant and the path of the object is a cycloid arc.

When ρ is a constant, we have θ̇ = τ̇ /ρ = √
g/ρ = √

g/R, and so the object’s
motion is the same as a point on the rim of a disk of radius R rolling along the x-axis
with constant angular velocity ω = θ̇ = √

g/R.
For example, suppose that the points A and B are L units apart at the same elevation.

Then A and B are the end points of a cycloid arc made by one complete rotation of
a disk of radius R = L/2π . Thus ω = θ̇ = √

2πg/L and the time taken to travel
from A to B is T = 2π/ω = √

2π L/g. If L is 100 meters and g = 9.8 m/s2, then
T ≈ 8 seconds—faster than the world record time for sprinters over the same distance.

There are some important questions left unanswered by our discussion so far. Is
there a unique cycloid arc joining the given points A and B? (As noted by Zeng [9],
this question is often overlooked in the literature.) Which points (x, y) in the plane can
be expressed in the form (3) for some uniquely determined τ and ρ? Is the cycloid arc
the only way to get equality in (5) and hence minimum travel time?

To answer these questions, we first state some simple trigonometric inequalities,
which the reader can easily prove using calculus and double angle identities.

LEMMA 1. The following inequalities hold for 0 < θ < 2π:

(1) 0 < θ − sin θ .

(2) 0 < sin
θ

2
− θ

2
cos

θ

2
.

(3) 0 < 2(1 − cos θ) − θ sin θ .

Inequalities (1) and (2) hold also when θ = 2π .

We now use Lemma 1 to show that each relevant point in the plane has unique ρ-τ
coordinates that satisfy (3), and so there is a unique cycloid arc joining A and B.
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LEMMA 2. If x > 0 and y ≥ 0, then there are unique R > 0 and 0 ≤ θ ≤ 2π

satisfying (1), as well as unique ρ > 0 and 0 ≤ τ ≤ 2πρ satisfying (3).

Proof. The function

h(θ) = 1 − cos θ

θ − sin θ

is defined on (0, 2π], by the first inequality in Lemma 1, and has the derivative

h′(θ) = 2(cos θ − 1) + θ sin θ

(θ − sin θ)2
.

By the third part of Lemma 1, h′(θ) < 0 on (0, 2π) and so h is strictly decreasing on
(0, 2π].

We also have h(2π) = 0, and, by l’Hôpital’s rule, limθ→0+ h(θ) = ∞. Since y/x ≥
0 and h is continuous on (0, 2π], the Intermediate Value Theorem guarantees the ex-
istence of some θ in (0, 2π] such that h(θ) = y/x . Since h is strictly decreasing, θ is
unique. Now it is easy to check that θ and R = x/(θ − sin θ) is the unique solution of
(1), and that ρ = √

R and τ = θρ is the unique solution of (3).

Since each point (x, y) with x > 0 and y ≥ 0 corresponds to uniquely determined
ρ and τ , the equations in (3) represent a change of coordinate systems for the first
quadrant of the xy-plane. So long as B is in this quadrant, its ρ coordinate determines
a unique cycloid arc of the form (1) that passes through it. Moreover, if the object
remains in this quadrant, its motion can be described by functions ρ and τ of time.

We claimed at the beginning of this note that our proof shows that the cycloid arc
yields the minimum travel time among curves that may have loops or corners. Since
we are using two functions of time, x and y, to describe possible paths of the object,
loops are not a problem. At a corner in the path, however, the derivatives of x , y,
ρ, and τ may not exist. Since we have so far implicitly assumed that these functions
are differentiable, we now need to see whether our discussion can be generalized to
functions which are not differentiable everywhere. For our arguments to work, we need
that the integral in (5) exists and that τ is the indefinite integral of τ̇ . This happens if
and only if τ is absolutely continuous. Royden [7, Chapter 5] gives the definition and
properties of absolutely continuous functions—including the fact that such functions
are differentiable almost everywhere and are the indefinite integrals of their derivatives.

It is then natural to suppose that τ and ρ are both absolutely continuous, and that
(4) holds almost everywhere. With these assumptions, we can prove that the cycloid
arc is the only brachistochrone. If the concept of absolute continuity is unfamiliar, the
reader can show that the argument below works with the stronger assumption that τ

and ρ have continuous, or piecewise continuous, derivatives.
Suppose that, for some absolutely continuous functions τ and ρ, equality is attained

in (5):

∫ T

0
τ̇ dt =

∫ T

0

√
g dt.

Since (4) holds almost everywhere, we also have τ̇ ≤ √
g almost everywhere. These

conditions imply that τ̇ = √
g almost everywhere. Plugging this result into (4), and

using the second fact from Lemma 1 to show that the coefficient of ρ̇2 is nonzero,
we get that ρ̇ = 0 almost everywhere. This implies that ρ is a constant function, and
hence, that the minimum travel time is attained only by the cycloid arc.
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Summary This note provides an elementary solution of the brachistochrone problem. This problem is to find
the curve connecting two given points so that an object slides without friction along the curve from one point to
the other point in the least possible time. The key is to introduce a coordinate system where the expected cycloid
solutions are built in.
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Let y(x) be any strictly positive C1 function, and consider the curve which is the graph
of y(x) over an interval [a, b] in the function’s domain. This curve has a well-defined
arc length and there is a well-defined area under it. Are there any functions which
have the property that the ratio of the area under the curve to the curve’s arc length is
independent of the interval over which they are measured?

In order for this property to hold, we must have [1, page 279]
∫ b

a
y(x) dx = k

∫ b

a

√
1 + y′(x)2 dx,

where k is a positive constant independent of a and b. In order for this to be true for
all intervals [a, b] in the function’s domain, the integrands must be identically equal.
Bringing k inside the right-hand integral, setting the integrands equal, and solving for
y′(x) yields

y′(x) = ±
√

y(x)2 − k2

k
. (1)

Clearly y(x) = k is a solution. When y(x) 
= k, we can separate variables and find
a more surprising result:

y(x) = k cosh

(
x − c

k

)
,
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