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THEOREM. (CRAMER'S RULE) Let A be an invertible n x n matrix. Then the so- 
lutions xi to the system Ax = b are given by 

det(Ai) 

det(A) (1) 

where Ai is the matrix obtainedfrom A by replacing the ith column of A by b. 

Proof. The classical way to solve a linear equation system is by performing row 
operations: (i) add one row to another row, (ii) multiply a row with a nonzero scalar 
and (iii) exchange two rows. We show that the quotient in equation (1) will not change 
under row operations. 

Under the first row operation, the values of the two determinants det(Ai) and det(A) 
will not change, since determinants are invariant under this row operation. Under the 
second row operation both determinants will gain the same factor, which cancels in 
the quotient. Finally, under the third row operation both determinants will switch sign, 
which again cancels in the quotient. 

Since every invertible matrix A can be row reduced to the identity matrix, it is now 
enough to prove Cramer's rule for the identity matrix. However, this is a straightfor- 
ward task. i 
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where 0 is the golden ratio (1 + /5)/2. where 0 is the golden ratio (1 + /5)/2. where 0 is the golden ratio (1 + /5)/2. 
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As we all know, many identities-even quite complicated ones-once written 
down, can be verified by anybody who can perform elementary algebraic manipu- 
lations. However, discovering it may not be easy at all. Binet's formula too can be 
verified easily. As for arriving at it, one method is to look for exponential solutions 
to the difference equation that defines the Fibonacci numbers. Here is another way 
to arrive at Binet's formula by producing a polynomial identity that perhaps could be 
regarded as a parent of Binet's formula. 

Note first that the golden ratio ? satisfies the identities 

-1=-1, 0+ -= 5. 

Let us look at the polynomial 

F,(X, Y) := E (-)i( )xi (y + X)n-2i 

It is an easy exercise in induction on n to show that 

Fn(X, Y) = Xn + Xn-Y + ... + XYn- + yn. 

Indeed, multiplying the identity for n = k by X + Y and subtracting from it the product 
of the identity for n = k - 1 by XY, one obtains the identity for n = k + 1. 

Therefore, on the one hand, we have 

n ( -) 
= 

(-)i(,)i () =E (n-i) i=0 i=0 

On the other hand, from the identity Xn+ - yn+1 = (X - Y) yn= Xi yn-i, we obtain 

Fn V'T 5J(_/ r = I n_) = ( _ (l/)n+l Fn ?), , - 

Since i,o (n-i) satisfies the same recursion as the Fibonacci sequence and starts with 
F2, F3, it follows by induction that 

( )- = Fn+i and one obtains Fn+l = n 
(1/l)n? 

?> i _ 0+1/0 

which is Binet's formula. 
This note was submitted in the beginning of 2001 and when it was accepted in 

October 2003, attention was drawn to two very enjoyable articles [1, 2] that appeared 
in the June 2003 issue. The authors studied a general Fibonacci-type of two-term linear 
recurrence: 

gn+1 = agn + bgn-i, 

where a, b are any (even complex!) constants. If we start with go = 1 = gl, then the 
analog of the formula 

Ln/2J n Ln/2 A 

f1-n+l gn1--= flY ( = ) is g = (ni)bin- 2i 

i=0 \ l / i=O 
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as can be proved by induction. The corresponding Binet identity can be derived from 
the same polynomial identity above as follows. Consider the numbers defined by 

A + t =a, ktA =-b. 

Fn(, I) = L-(-1)in - i )(x)i (x ?(+ )n-2i 
i=0 

i 

Ln/2J n .X 

= ( )bian-2i =gn+l 

Therefore, 

xgn+l = /En+l 
i=O 

This is Binet's formula for these general Fibonacci sequences. 
It is fun to exploit the polynomial identity to derive some interesting identities in- 

volving binomial coefficients but the author would welcome a more natural motivation 
explaining the polynomial identity. Incidentally, one referee points out that Binet's for- 
mula appeared in De Morgan's notebooks before Binet was born. 

Acknowledgment. The author is indebted to the referees for bringing to his notice the two beautiful articles 
cited. 
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There are many examples in mathematics and other sciences in which a single equation 
(or a relatively small system of equations) is capable of capturing the essence and 
complexity of an entire field. For example, the equation defining the zeroes of the 
Riemann zeta function plays a central role in analytic number theory and related fields. 
Even a partial understanding of the solutions to this equation would provide keys to 
the answers to many far-reaching questions that are currently in the research focus of 
the mathematical community. In a somewhat opposite direction, several outstanding 
results from the theory of elliptic curves and modular forms, crowning the efforts of 
several generations of mathematicians, were needed to tackle the single equation that is 
the subject of Fermat's Last Theorem. While the equation we present in this note does 
not live up to the high standards set by these two examples, it still has the same flavor 
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