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You may have seen the problem: "Show that the set S = {5, 15, 25, 35} is a group 
under multiplication modulo 40," in Gallian's well known text book [1]. This is quite 
puzzling to beginning students in abstract algebra, especially since there is no obvious 
identity. Even after 25 has been identified as the identity element, the question of deter- 
mining inverses requires some thought. The astute observer notices that the above set 
S is in fact closely related to U(8) = {1, 3, 5, 7}, which is a group under multiplication 
modulo 8. All elements and the modulus have been multiplied by 5. But the fact that 
S = 5 ? U(8) does not explain its group structure since then one would expect 5 ? 1 to 
be the identity element, not 5 5. 

Before we proceed to investigate this intriguing connection we need to introduce 
some notation. Let Zn = {0, 1, 2, .... n - 1} be the ring of integers modulo n and con- 
sider U(n), the group of units (invertible elements) of Zn, which is a group under mul- 
tiplication modulo n. In this paper, we will investigate whether, for any k e U(n), the 
set Sk(n) = k . U(n) = {k . g I g E U(n)} is a group under multiplication modulo kn. 
For example, from U(8) = {1, 3, 5, 7} under multiplication modulo 8 we obtain 

S3(8) = {3, 9, 15, 21} under multiplication modulo 24, 
S5(8) = {5, 15, 25, 35} under multiplication modulo 40, and 

S7(8) = {7, 21, 35, 49} under multiplication modulo 56. 

You can check that these are in fact groups! Some computation reveals that their re- 
spective identity elements are 9, 25, and 49. Each element of these groups turns out 
to be its own inverse, so each of these groups has the same structure as U(8); that 
is, Sk(8) is isomorphic to U(8). This may not seem very surprising, after all, the sets 
were obtained from U(8). But something more subtle is going on here, because the 
map f: U(n) -* Sk(n) given by f(x) = k . x is not a group homomorphism! One 
way to see this is to observe that f(1) = k is not the identity element of Sk(8). So, 
is there any way to predict that 25 will act as the identity in S5(8)? Why is it that in 
Sk(8) the respective identity elements are all squares, namely k2? Will Sk(n) always 
be a group under multiplication modulo kn? And if so, will the group Sk(n) always be 
isomorphic to U(n)? 

When looking for sets of integers that are groups under multiplication modulo kn 
one would usually look for subgroups of U(kn), the group of units of the ring Zkn. But 
note that even though Sk(n) is a subset of Zkn,, the intersection of Sk(n) and U(kn) is 
empty, since all elements of Sk(n) are multiples of k and therefore not invertible. This 
is what makes it quite surprising that Sk(n) turns out to be a group under multiplication 
modulo kn. 

Sk(n) is a group We are working with two different moduli: mod n in U(n) and 
mod kn in Sk(n), and we must therefore be very careful when using the words identity 
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and inverse. We use the following notation to keep the two situations separate: The 
identity in U(n) is 1, the identity in Sk(n) will be denoted by E. For x c U(n), let x' 
denote its inverse modulo n; that is x ? x' = 1 mod n. For X E Sk(n) we will denote its 
inverse by X-1; that is X ? X-1 E mod kn. Note that when working modulo kn the 
element kk' is not 1. That is, kk' 1 mod n but kk' 1 mod kn. 

We will use of the following easy fact from modular arithmetic: 

FACT 1. Let a, b, c, d E Z. If ad = bd mod cd then a = b mod c. 

THEOREM. The set Sk(n) := k g I g E U(n)} is a group under multiplication 
modulo kn, with identity element E = kk'. 

Proof. 

(a) Associativity is inherited from the ring Zkn. 

(b) Closure: Let kx and ky be elements of Sk(n). Then kx ? ky = k(kxy) and since k, 
x, and y are in U(n), so is kxy; this shows that (kx . ky) is an element of {k . g I 
g E U(n)} = Sk(n). Hence Sk(n) is closed under multiplication modulo kn. 

(c) Identity: We are looking for E E Sk(n) such that, for all x E U(n), we have 
kx ? E - kx mod kn. By the above Fact 1 from modular arithmetic, it follows that 
Ex _ x mod n, and since x is an element of U(n), we obtain E = 1 mod n. The 
E in Sk(n) that we are seek must have the form E = kr for some r E U(n). From 
k r = 1 mod n, we see that r = k', the inverse of k in U(n). Hence E = kk' 
should be the identity element of Sk(n). We can check this directly: kx . kk' = 
k(xkk') = kx mod kn, where in the last step we used xkk' = x mod n. 

(d) Inverses: Let kx e Sk(n). We are looking for ky E Sk(n) with kx ky = E in 
Sk (n), that is modulo kn. Applying the above Fact 1 to kx ? ky = kk' mod kn, we 
see that xky _ k' mod n. Hence ky - x'k' mod n, where x' is the inverse of x 
in U(n), and therefore y _ k'x'k' mod n. This shows that k ? k'x'k' should be the 
inverse of kx in Sk(n). We can check this directly: kk'x'k' . kx = kk' (kk'xx') 
kk' = E mod kn, here we used kk'xx' - I mod n. U 

Examples Let us reconsider the map f : U(n) -> Sk(n) given by f (x) = k . x. We 
have f(k') = kk' = E, so k' is the element of U(n) that will map to the identity in 
Sk(n). In the special case where k = k' in U(n), this gives E = k2, which explains our 
observation about the identity in Sk(8) being a square. 

For x e U(n), which element will map to the inverse of f(x) in Sk(n)? From the 
above: k'x'k' will be that element. That is, [f(x)]-l = [kx]-' = k k'x'k' = f(k'x'k'). 
In the special case where k = k' in U(n) this simplifies to: f(x') = [f(x)]-1, so the 
map f at least preserves inverses. In the case where k : k' in U(n) the group structure 
of Sk (n) is more mysterious. 

Let's examine U(15) = {1, 2, 4, 7, 8, 11, 13, 14} under multiplication modulo 15, 
where both types of k are available. The elements 4, 11, and 14 are their own inverses, 
while (2, 8) and (7, 13) are pairs of inverses. 

For k = 4, we are in the case where k and k' are the same. We have S4(15) = 
4 U(15) = {4, 8, 16, 28, 32, 44, 52, 56} under multiplication modulo 60. Here E = 
f(4') = f(4) = 16 is the identity element, f (1) = 4, f(11) = 44, f(14) = 56 are 
their own inverses, and (f(2) = 8, f(8) = 32) and (f(7) = 28, f(13) = 52) are pairs 
of inverses. 

For k = 7, we are in the more interesting case where k is different from k'. We have 
S7(15) = 7 U(15) )= {7, 14, 28, 49, 56, 77, 91, 98} under multiplication modulo 105. 
Here E = f(7') = f(13) = 91 is the identity element (not a square!), some computa- 
tion shows that 14, 49, and 56 are their own inverses, and that (7, 28) and (77, 98) are 

46 MATHEMATICS MAGAZINE 



47 

pairs of inverses. Note that f(2) = 14, with 14 = 14-1 in S7(15), but 2 : 2' E U(15). 
How can one look at an element of U(n) and predict its role in the group Sk(n)? 

A group homomorphism Let's look at a different map, one that is a group homo- 
morphism; that is, one that does preserve group structure. 

For x E U(n) let c (x) := kk' x mod kn. 
To determine the image set of this map we first recall a fact from group theory: 

FACT 2. Let G be a group and h c G then {hg I g e G} = G, since the map g I- 

hg has an inverse map. 

In particular, for k E U(n) this shows that Sk(n) = k U(n) = U(n) mod n. That 
is, when the elements of Sk(n) are reduced mod n we obtain the original set U(n). 
They are equal as sets, but of course all the elements are shuffled around! 

We can now examine the image of I: Im(p) = {(kk' x) mod kn I x e U(n)} = 
{k (k'x) mod kn I x E U(n)} = {k y mod kn I y E U(n)} = k . U(n) = Sk(n). 

Therefore the map 1 takes U(n) onto Sk(n). Furthermore, ? is a homomorphism 
because kk' is idempotent under multiplication modulo kn: 

((x) . d(y) = kk'x . kk'y = k k'x(kk')y = kk'xy = ((xy) mod kn 

where we reduced the k'x(kk')y part modulo n, using kk' = 1 mod n. 
Note that even though kk' is the identity in Sk(n), for x E U(n) the element xkk' 

cannot be simplified to x mod kn, unless x happens to be an element of Sk(n). 
Even though the existence of the isomorphism cp shows that Sk(n) has the same 

group structure as U(n), in practice this is a very cumbersome way to see what is 
going on. An easier way to establish that Sk(n) is isomorphic to U(n) is to look at 
the map backwards. Since we have already established that Sk(n) is a group under 
multiplication modulo kn, we can just consider the map that reduces each element 
of Sk(n) modulo n. Its image turns out to be U(n) by the above Fact 2. We have 
(p(x) = kk'x _ x mod n , since kk' = 1 mod n, so the homomorphism that reduces 

Sk(n) modulo n is in fact the inverse of (. This reduction mod n isomorphism is 
the easiest way to see the correspondence of elements from the group Sk(n) to the 
group U(n). 

Consider the example of S7(15) from above: 

S7(15) = {7, 14, 28, 49, 56, 77, 91, 98} under multiplication modulo 105. 

Reducing the elements modulo 15, but writing the elements in the same order, gives 

{7, 14, 13, 4, 11, 2, 1, 8 = U(15). 

From this we see immediately (now that we know what is going on!) that 91 is the 
element corresponding to 1, that is, the identity element of S7(15). The other aspects 
of group structure, such as (77, 98) being a pair of inverses, or 77 - 28 = 56 mod 105 
is also clear now by observing their respective pre-images: (2, 8) is a pair of inverses 
in U(15) and 2 13 - 11 mod 15. 

Conclusion You can now easily produce your own examples. Start with any positive 
integer n and any k E U(n). Compute Sk(n) = k U(n), but do not reduce since this is 
to be considered modulo kn. Now reduce every element of Sk(n) modulo n to obtain 
the re-shuffled U(n) that reveals the group structure of Sk(n). 

To hide the original group structure even more, you can start with a subgroup G 
of U(n). Either apply ( by multiplying all elements of G by kk' and then reduce 
modulo kn; or look up the pre-images of G in the mod n reduction of Sk(n). For 
example, from above we have S7(15) = U(15) with the following correspondence: 
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S7(15) mod 105: 7 14 28 49 56 77 91 98 
U(15) modl5: 7 14 13 4 11 2 1 8 

The subgroup G = {1, 11} of U(15) gives the subgroup cD(G) = {91, 56} of S7(15). 
The subgroup G = {1, 2, 4, 8} gives c(G) = {91, 77, 98, 49}; and G = {1, 4, 11, 14} 
gives ?(G) = {91, 49, 56, 14}. All of these ?(G) are groups under multiplication 
modulo 105. Who would ever have guessed that! By using subgroups, the fact that 
these examples were obtained from U(15) is no longer obvious. 

Another interesting challenge might be to produce sets that are groups under mul- 
tiplication modulo 2005. Since 2005 = 5 401, we can take k = 5, n = 401 and 
consider S5(401) under multiplication modulo 2005. The inverse of 5 in U(401) is 
k' = 321, hence the identity in S5(141) will be E = 5 ? 321 = 1605. And any subgroup 
of U(401) will produce a subgroup of S5(141). Consider G = {39, 318, 372, 72, 1}, 
the cyclic subgroup of U(401) generated by 39. Multiply each element by 1605 
then reduce modulo 2005, to obtain a group under multiplication modulo 2005: 
I(G) = {440, 1120, 1575, 1275, 1605}. This is, of course, a cyclic group generated 

by ((39) = 440. 
Robin McLean [2] takes a different approach to these results. He also points out that 

one can pick any positive composite integer and produce a group that has this integer 
as its identity element. This can be done by observing E = 1 mod (E - 1). For ex- 
ample, if we want E = 123, consider n = 122. Since E = 123 = 3 ? 41, we can take 
k = 3, with inverse k' = 41 in U(122). In S3(122) the identity element (mod 3 122) 
will be E = kk' = 123. Of course S3(122) has 60 elements, just like U(122), but re- 
member that any of its subgroups will also have 123 as identity element. For example: 
{123, 135, 291} is a group under multiplication mod 366. Have fun producing your 
own examples! 
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Perhaps the most popular cake in the Greek world during the Christmas period is not 
any well-known Christmas cake, but rather a cake called the St. Basil's cake. (St. Basil 
is commemorated by the Greek Orthodox Church on the first of January.) The cake is 
prepared using simple ingredients like flour, eggs, and orange juice, but also contains a 
coin wrapped in aluminum foil. When the cake is taken out of the oven, nobody knows 
where the coin is. With the arrival of the new year, this circular cake is cut (with a 
knife) into sectors of the circle. Each member of the family takes a sector and starts 
slowly and carefully eating his or her piece. The one who finds the coin, according to 
tradition, is considered to be the luckiest of the new year. However, sometimes, while 
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