
appearance of the Law of Cosines in this last inequality and mentioned that it may be 
pointing toward a "nicer or deeper result." I have also given this matter some thought 
which, unfortunately, did not spark additional insight. Readers may wish to examine 
this problem further. 
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Decimal digit accuracy in approximations The history of the number nr re- 
veals two rational approximations that are striking for their simplicity and accuracy: 
Archimedes' estimate 22/7, which gives two-decimal accuracy, and the Chinese esti- 
mate 355/113, which gives six decimals. In each case, the number of correct decimals 
is twice the number of digits in the denominator of the approximating rational. This 
is not merely a coincidence, nor is it a property unique to 7r. This note uncovers the 
surprising fact that every irrational can be approximated very closely by a rational 
whose denominator has a number of digits very nearly equal to half the number of 
decimal digits secured by the approximation. 

Before stating this result as a theorem, we note further examples illustrating the 
phenomenon. In each case, the decimal digits secured by the rational approximation 
are underlined. 

e - 2 = 0.71828182846... is approximated 
5 

with 2-digit accuracy by - = 0.7142857..., 
7 

23 
with 3-digit accuracy by -- = 0.71875, 

12,993 and with 9-digit accuracy by = 0.71828182874.... 
18,089 

X/2- 1 = 0.41421356237... is approximated 
29 

with 4-digit accuracy by - = 0.4142857..., 

2378 
and with 7-digit accuracy by 5= 0.41421355165 .... 

5741 
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log 2 = 0.301029995664... is approximated 
87 

with 5-digit accuracy by = 0.3010380..., 
289 

21,306 
and with 10-digit accuracy by 

213 
= 0.301029995620.... 

70,777 

The concept of decimal digit accuracy is subject to different interpretations. For 
example, we can say that r- = 3.141592653... is approximated to 2 digits by 22/7 = 
3.142857... because 

22 1 
rt - = 0.00126... < 

7 102' 

This follows from the fact that the first two digits (.14) after the decimal point are 
identical in the decimal versions of ,r and 22/7. Similarly, 7r is approximated to six 
digits by the rational approximation 355/113 = 3.14159292035... because 

355 1 
Tt - = 0.000000267 ... < 

113 106' 

In this case, the first six digits .141592 after the decimal point are identical. On the 
other hand, the two numbers 0.199991 and 0.200000 do not agree in any of their digits 
after the decimal point, yet they differ only by 0.00009, and it is reasonable to assert 
that they agree with 4-digit accuracy. 

In this note we say that two real numbers a and r agree with K-digit accuracy if 

1 
la-rl< 

10K' 

By truncating the decimal representation of an irrational after K decimals we get a 
rational approximation p/q with K-digit accuracy. The rational has the form p/lOK, 
so the denominator of this rational will contain K + 1 digits if the fraction is in lowest 
terms. We are particularly interested in rational approximations where the number of 
digits in the denominator is much smaller than might be expected. 

For example, truncating the decimal expansion for Tr after 5 decimals gives the 
rational approximation 314,159/100,000 with 5-digit accuracy. But a much better ap- 
proximation (with 6-digit accuracy) is given by the rational 355/113 whose denomi- 
nator has only 3 digits. 

More examples of this phenomenon are mentioned above. 

Approximating with continued fractions Continued fractions give excellent ratio- 
nal approximations to irrational numbers. In the previous issue of the MAGAZINE, 
Naylor [1] showed how they arise in the study of certain spirals in nature. We obtain 
these approximations in the following manner. 

Every real number x can be written as a sum, x = [x] + {x}, where [x] is the largest 
integer < x, and {x} denotes the difference x - {x}, called the fractional part of x. If 
x is an integer the fractional part {x} is zero. If x is not an integer, the fractional part is 
positive and less than 1, so it can be written as l/y for some real y > 1. The number 
y in turn can be written as the sum [y] + {y} giving 

1 1 
x= [x] +-=[x]+ 

y [y] + {y} 
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If {y} = 0, then x = [x] + l/[y], a rational number, and the continued fraction termi- 
nates. But if {y} > 0, then {y} = 1/z for some z > 1, and 

1 
X = [x]+ 1 

[Y] + [z]+{z} 

Repeating this process gives a continued fraction representation of x: 

1 
x = ao + 

al+ 1 
a2+a31 

where ao = [x], al = [y], a2 = [z], and so on. For ease in printing, this is written more 
compactly as x = [ao; al, a2, a3, ...], where all the integers after a0 are positive. If x is 
rational the process terminates after a finite number of steps and the continued fraction 
is finite. But if x is irrational the continued fraction is infinite. For example, it is known 
that the continued fraction for n begins as follows: 

Jr = [3; 7, 15, 1,292, 1, 1 1, 2, 1,3, 1, 14,2, 1, 1, 2,2,2,...]. 

Truncating the continued fraction of an irrational number a at the integer an pro- 
duces a rational number 

Pn 
= [a; al, ..., an 

qn 

called the nth convergent to a. Continued fractions are useful because Pn/qn is closer 
to a than any other fraction p/q with denominator not exceeding qn. For example, the 
third convergent to Jr is 

355 
[3; 7, 15, 1] = 

113' 

a fraction closer to 7r than any other fraction with denominator less than 113. More- 
over, it can be shown [2, p. 335-6] that the nth convergent pn/qn to any irrational a is 
smaller than a if n is even, larger than a if n is odd, and no farther away from a than 
1/(qnqn+l), as summarized by the inequality 

Pn 1 a- < . (1) 
qn qnqn+l 

From this inequality we can easily deduce the following theorem, which interprets 
this inequality in base ten. The proof is very simple and provides a practical application 
of inequality (1). The authors could not find this result in any of the literature on 
continued fractions, so it may be new. 

THEOREM. Let pn/qn be the nth convergent of a continued fraction for an irra- 
tional number a, and let K be the number of digits in the denominator qn. Then the 
decimal representations of Pn/qn and a agree with at least 

(a) (2K - 2)-digit accuracy for every n, 
(b) (2K - 1)-digit accuracy for infinitely many n. 

Proof Because K is the number of digits in qn, we have 

10K-1 < qn < 1K. 
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The denominators qn in a continued fraction increase with n, so qn+l > 10K-1 and 
inequality (1) implies 

Pn 1 
a-- < (2) 

qn 102K-2' 

which proves (a). To prove (b) we note that there are infinitely many n for which 
the number of digits in the denominator q,+l is greater than the number of digits 
in qn (otherwise the qn would not increase with n). Hence for infinitely many n we 
have qn = 10K-~r and qn+l = 1OKR, where r > 1 and R > 1. Consequently qnqn+l = 
(rR)102K-1 for these n, and inequality (1) becomes 

Pn 1 
ot-- < (3) 

q,n (rR)102K (3) 

which proves (b) because rR > 1. K 

If rR > 10, which can happen in examples chosen at random, inequality (3) shows 
that Pn/qn will represent a with at least 2K-digit accuracy. Many such examples exist, 
some of which were noted above. It is also possible to construct examples that agree 
in more than 2K digits. For example, the third convergent of the continued fraction 
expansion of the irrational number 

a = 10(11 - 13 log 7) = 0.137254798000... 

is 7/51 = 0.13725490196...., which agrees with a to 6-digit accuracy, even though 
its denominator only has two digits. 

The worst possible case occurs when the product r R is close to 1. An example is the 
continued fraction for a = 1/(/26 -4). To obtain this continued fraction note that the 
irrational number x = /2-6 - 4 satisfies the quadratic equation (x - l)(x + 9) = 1, 
so x - 1 = 1/(x + 9) = 1/(10 + (x - 1)). Repeated use of this relation gives the 
infinite continued fraction x - 1 = [0; 10, 10, 10.. .] with an = 10 for all n > 1, from 
which we find x = [1; 10, 10, 10,...] and a = 1/x = [0; 1, 10, 10, 10,...], whose 
first seven successive denominators qn turn out to be 1, 11, 111, 1121, 11321, 114331, 
1154631. In this example the number of digits in qn+l is exactly one more than the 
number in qn for every n. The decimal representations of Pn /qn and a agree in exactly 
2K - 1 digits, where K is the number of digits in qn. This example shows that in 
general you cannot do better than (2K - 1) digit accuracy for all n. 

Finally, the reader can verify that base ten is not essential. A similar theorem holds 
for numbers expressed in any base. 
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