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with center F and radius -,SF. T F. The desired point P is the intersection of this 
circle and the slant line (FIGURE 9b). 
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Proof Without Words: 
Alternating Sums of Odd Numbers 

1)(-1)n-k 

n even 
n odd 

-ARTHUR T. BENJAMIN 
HARVEY MUDD COLLEGE 

CLAREMONT, CA 91711 

A Short Proof of Chebychev's Upper Bound 
Kimberly Robertson 

William Staton 
University of Mississippi 

University, MS 38677 
mmstaton@olemiss.edu 

Examining 7 (n), the number of primes less than or equal to n, is surely one of the 
most fascinating projects in the long history of mathematics. In 1852, Chebychev [3] 
proved that there are constants A and B so that, for all natural numbers n > 1, 

In(n) 

Later, in 1896, with arguments of analysis, the Prime Number Theorem was proved, 
showing that for n sufficiently large, A and B may be taken arbitrarily close to 1. Es- 
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tablishing the Prime Number Theorem is difficult and the proof is often omitted from 
texts in elementary number theory. Chebychev's arguments, by contrast, were ele- 
mentary and wonderfully clever, using properties of the middle binomial coefficients 

(2n). Our purpose here is to provide what we believe is a brief and elegant approach 
to Chebychev's upper bound, a proof accessible in its brevity to even the beginning 
number theory student. We were initially motivated by Bollobas' lovely English pre- 
sentation [2] of Paul Erd6s' proof of Bertrand's Postulate. 

We begin with three simple lemmas, in which n always denotes a positive integer. 

LEMMA. For all n, nr(2 n)-((n) < (2n) 

Proof There are exactly 7r(2n) - r(n) primes between n and 2n. Each appears 
precisely once in the numerator of the factorial expression for (2n) and none appears at 
all in the denominator. So each is a factor of (2n), and of course each is bigger than n. 

LEMMA. For all n > 8, 7r(2n) < n - 2. 

Proof By induction: 7r(16) = 6 < 8 - 2. If r(2k) < k - 2, then xr(2k + 2) < (k - 

2) + 1 since 2k + 2 is certainly not prime. So 'r(2k + 2) < (k + 1) - 2 and the lemma 
follows. U 

LEMMA. For all n, we have (2n2) < 1(4n). 

Proof Begin a proof by induction, by noting that, for n = 1, (2) = 2 = (41). 

Dividing (2n+12) by (2n) yields n+ < 4. Hence, if (2n) < (4n), then 

(n+1 
and the lemma follows. W 

We will prove our theorem by a variant of induction, moving from k to both 2k 
and 2k - 1. That this scheme is adequate is easily seen by noting that the truth of the 
statement for all k up to 2r then implies the truth of the statement for all k up to 2r+1 

THEOREM. For all n > 1, n(n) < 8n. 

Proof For n < 8 this is clear since both the bases and the exponents compare in the 
desired way. Furthermore, since 16"r(16) 

= 166 - 88 < 89, the statement holds for 9 < 
n < 16. Now suppose n > 8 and nr(n) < 8n. Then, applying our various lemmas, we 
have (2n - 1)r(2n-1) < (2n)r(2n) = 

2J(2n)nr(2n) =- 2(22)nr(2n)-r(n)nJ(n) < 2n-2(2n)8n 

< (2n-2)(4n/2)(8n) = 82n-1 < 82n. Hence the inequality holds for 2n - 1 and 2n and 
the theorem follows. U 

COROLLARY. (CHEBYCHEV, 1852) There is a constant B so that for every posi- 
tive integer n > 1, 

In(n) 

Proof n(n1) < 8n. Taking natural logarithms yields w(n) In(n) < n ln(8) and the 
inequality is established with B = ln(8). U 
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We see the potential value of this proof as twofold. First, it appears cleaner and 
shorter than what is found in most texts. And our constant, ln(8), is modest com- 
pared to Sierpinski's 4 [7], Apostol's 6 [1], or the 32 ln(2) offered in earlier editions of 
Niven and Zuckerman [6]. LeVeque [5], Hardy and Wright [4], and the latest edition 
of Niven and Zuckerman [6] give no particular constant, merely proving that one ex- 
ists. Chebychev [3] achieved a much smaller constant than ours, but with considerably 
more effort. We hope that our short proof will be found to have pedagogical value. 
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Odd as it may sound, when n exams are randomly returned to n students, the probabil- 
ity that no student receives his or her own exam is almost exactly 1/e (approximately 
0.368), for all n > 4. We call a permutation with no fixed points, a derangement, and 
we let D(n) denote the number of derangements of n elements. For n > 1, it can be 
shown that D(n) = -_,(-1)kn!/k!, and hence the odds that a random permutation 
of n elements has no fixed points is D(n)/n!, which is within 1/(n + 1)! of 1/e [1]. 

Permutations come in two varieties: even and odd. A permutation is even if it can 
be achieved by making an even number of swaps; otherwise it is odd. Thus, one might 
even be interested to know that if we let E (n) and O (n) respectively denote the number 
of even and odd derangements of n elements, then (oddly enough), 

D(n) + (n - 1)(-1)n-1 E (n) = 
2 
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