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In 1874, Cantor showed that the set of rational numbers Q is countablethat is, 
equipotent to the set of natural numbers Nby arranging its elements in a grid and 
sweeping out paths of ever-increasing length, numbering elements as they are tra- 
versed [1]. Here, we present a new way to do this, which relies instead on constructing 
a couple of simple functions. 

Counting Q Consider a base-12 number system with / as the symbol for the digit 
10 and - as the symbol for 11. Define the map cp: Q N(12) (the natural numbers 
written in base-12) by q)(alb) = alb, where, on the left-hand side, alb is the lowest- 
terms representation of a typical element of Q and, on the right-hand side, alb means 
the base-12 number consisting of the digits of a (possibly preceded by a minus sign ), 
followed by the division slash / and then the digits of b. 

For example, co (-5/12) = -5/12. Let a: N(12) N be the obvious injection con- 
verting a number from base-12 to base-10. Continuing our example, this means 

a(-5/12) 

Then a o (p: N is an injection, whereby 10:21 < IN1. Inclusion provides the reverse 
inequality, and we conclude IQ' = INI. 

Counting A The set A, called the algebraic numbers, is the set of all numbers, 
possibly complex, that are roots of some monic polynomial with rational coeffi- 
cients [2]. For example, ,Nif and 3i are algebraic numbers-roots of x2-2 and 
x2 + 9, respectivelywhereas n and e are not. It turns out that we can count A using 
the same technique we used to count Q. Namely, find an injection from A into N and 
then use inclusion to get equipotentiality. 

Proceeding in this way, observe that given a E A, there exists a unique monic poly- 
nomial Pa of smallest degree n given by 

Pa 

where a; E Q, such that a is a root of Pa and Pa has no repeated roots. Therefore Pa 
has n roots r1, all distinct. 

Write r3 in polar coordinates as piej, where 0 < pi < oo and 0 < Oi < 2z, and 
define the total ordering on the set of roots of Pa as follows: ri if and only if 
Pj < Pk or P; = pk and Of < Ok. Use -< to re-label the roots such that r1 
Then a is uniquely described by the coefficients ao and the position j (as a 
root of Pa) of a, where 1 < j < n, when ordered by -< as a root of Pa. 

Add the comma , to our existing 12-symbol alphabet and consider the map 
N(13) defined by *(a) j (a sort of concatenation of the 
sequence of coefficients followed by the position j of a). Let r: N(13) N be the 
obvious injection converting a number from base-13 to base-10. Then r o *:A--N 
is an injection, so Al < NI . Inclusion gives the reverse inequality, and we see that 
A is countable. 
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Conclusion This method of enumerating sets certainly does not displace Cantor's 
classic technique, but it does show another, more concrete way to accomplish the task. 
Though we applied it only to Q and A, the method presented here can, in theory, be 
used to count any set X such that N c X (so that we may apply inclusion) for which a 
sufficiently clever function from X into N(n) for some n can be found. 
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Let us consider the following problem, which is a variant of problem 9 from the 2002 
American Invitational Mathematics Examination (AIME): 

PROBLEM. Harold, Tanya, and Ulysses paint a very long fence. Harold starts with 
the first picket and paints every hth picket; Tanya starts with the second picket and 
paints every tth picket; and Ulysses starts with the third picket and paints every uth 
picket. If every picket gets painted exactly once, find all possible triples (h, t, u). 

Solution: Label the pickets 1, 2, 3, and so on. Ulysses cannot paint picket 4 or else 
Ulysses paints all the pickets thereafter. Suppose Harold paints picket 4. Then Ulysses 
cannot paint picket 5, or else Harold and Ulysses both paint picket 7, so Tanya paints 
picket 5. Ulysses paints picket 6 and (h, t, u) = (3, 3, 3). On the other hand, suppose 
Tanya paints picket 4. Then Ulysses cannot paint picket 5, or else there is nothing 
left for Harold to paint, so Harold paints picket 5. Hence Ulysses paints picket 7 and 
(h, t , u) = (4, 2, 4). 

This problem really asks about how one can partition the set of integers into three 
arithmetic progressions. The second triple (4, 2, 4) is a bit more interesting than the 
first, since not all the differences are equal. In elementary number theory, arithmetic 
progressions are equivalently called residue classes of various moduli. In such a set- 
ting, the arithmetic progression a + km, k E Z is denoted by a (mod m). 

One can generalize the AIME problem and ask whether there exists a finite set 
of congruences, with all moduli distinct and greater than or equal to 2, that forms 
a partition of the set of integers. This turns out to be impossible [4]. Relaxing the 
assumption about partitioning the integers, one can look for finite sets of congruences 
such that every integer belongs to at least one of them. 

Our purpose in this note is to survey this topic and provide an elementary proof of 
the relationship between two well-known conjectures. 
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