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Using Less Calculus in Teaching Calculus: 
An Historical ro roach' 

R. M. D I M I T R I ~  
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Berkeley, CA 94702 

I would like to compare through some historical examples the use of non-calculus 
(mostly geometric or algebraic) and calculus methods in teaching students mathemati- 
cal content. In the present college and precollege school system the latter methods are 
overdone at the expense of the former, in cases where both can be used to explain ma- 
terial or solve problems. Examples that follow are aimed at students of varying levels 
of sophistication. These range from facts about e to the ideal shape of honeybee cells. 

Introduction 

It is well known [S]that the original Euclid's Eleinerzts contained few geometrical 
drawings, abstract in their nature. Neat explanatory drawings and constructions were 
added by Euclid's translators and commentators at times when doing mathematics 
by geometric means flourished. There are indications that Isaac Newton did not like 
the prevalent geometric method of his time (as much as he utilized it) [7]and that 
this dislike played a role in his shared discovery of calculus. Gradually, geometric 
reasoning and visualization were forgotten and analytic methods became king in texts 
of Lagrange, Russell [19], and other members of the French, German and English 
mathematics schools. 

Calculus nowadays has the same role category theory will have in the future: it is 
used mainly as a unifying and generalizing tool that can tie together seemingly separate 
problems by resolving them via the same (calculus) methods. Both of these tools (and 
here we refer to them as tools in teaching) are often overdone and abused to the point 
where simple problems are treated with the heavy machinery that is inappropriate for 
a particular context. This practice has negative didactic consequences for it obfuscates 
intuition and reduces learning to rote mechanical performance of calculus rules. I think 
that a careful combination of ("purely") non-calculus (geometriclalgebraic) and calcu- 
lus methods is most conducive to learning new material in analysis and demonstrating 
its real powers. History of mathematics offers a good source of examples that can be 
used to compare geometric and calculus methods. 

Powers and radicals 

It is useful to teach easy properties of powers and radicals, such as the following: If 
$'Z = 1.a > 0, then $'Z > 1 for a > 1 and $'Z < 1 for a < 1; in addition, lim ,,,, 

Now, what about a more difficult question, namely to find lim,,,, @?A hint might 
come from playing with the calculator (there is in fact a sheer pleasure of calculating 
the values of $6):f i x 1.4142, 8x 1.4422, f i (I pause here to break the routine 

he author gave a talk on this subject at the AMS-MAA Meeting in Baltimore, January 1998, in a special 
section on the role of history in teaching mathematics. 
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and ask the students for the answer, without a calculator-they should note the delight- 
ful fact that the fourth root of four equals 1/2 = 1.4142),%% 1.3797,%= 1.3480, 
f i % 1.3205, and so on. (I branch out by ashng them to find all natural numbers c, 
d, such that the c-th root of c is same as the d-th root of d ;  in fact, 2 and 4 are the 
only such pair, which can be inferred from the subsequent discussion.) Some patterns 
in these roots would emerge, namely that * first increases, then decreases (where 
the turn happens between 2 and 4) and if one goes far enough, one might see that 
the sequence converges to 1, which, of course, can be rigorously justified. The notion 
of powers with fractional exponents should have been already discussed and this is a 
good time to talk about exponents that are not necessarily rational. I leave students to 
ponder on the lingering questions such as 

Which is greater: ~or a,for c,  d > O? (1) 

and whether indeed lim,,,, 1. In fact, these question are answered by exploring *= 
the number e, as follows. 

The Euler number e 

If thou lend money to any of my people that is poor by thee, thou shalt not be 
to him as an usurer, neither shalt thou lay upon him usury. (Exodus 22:25, King 
James Version; see also Leviticus 25:36 and Deuteronomy 23: 19,20) 

Discussions on powers should also lead to an introduction of e, a number not as 
famous as n at the elementary level (although n = l n m ) .  An enticing way to in- 
troduce e is through the mixed-up envelopes problem of Nikolaus Bernoulli I (1687- 
1759) (see [IS, p. 461, where reference is made to De Montmort: Essni d'nnalyse sur 
les jeux de hasnrd, Paris, 1713): silppose rz letters are written to n different persons, 
whose addresses are written on n different envelopes. What is the probability that all 
n letters will be put in wrong envelopes? (Brawner [4] and Margolius [15] present 
nice discussions of this and similar problems in the MAGAZINE.) It turns out that this 
probability is l / e  when n -+m.This reciprocal is in fact close to the "base" that John 
Napier (1550-1617) first used when he anticipated what later became the familiar log- 
arithms. His contemporary Jobst Biirgi (1552-1632) had similar ideas, except his base 
was close to e. This approach is somewhat convoluted and I prefer to ask this question 
after I bring e into the picture as follows. 

By way of a non-rigorous (but inspiring) presentation, I also avoid introducing e the 
way Euler (1707-1783) introduced it (via the infinite binomial series [9]), and use in- 
stead the computation of interest: $ 1  is deposited at 100% annual interest compounded 
rz times per year. It is plausible that the "bankers" have arrived at these calculations be- 
fore everybody else, minus the problematically high interest rate. Whence the amount 
has grown to (1 + l/rz)" at the end of year one, or to (1 + rln)"', after x years, if the 
annual rate is r . 

For nonstop compounding we let rz grow unchecked and want to see how much 
money is available at the end of a year. At the rigorous level, this sequence is shown to 
be convergent, and at the relaxed level calculators come in handy to dispel the popular 
student opinion that the former sequence converges to 1, rather than to the new myste- 
rious number e (as shown by Daniel Bernoulli (1700-1782)). The money accumulated 
cannot be $ 1 for another reason: surely the interest added something to the principal. 
Note that if the money is left to mature for time x and at the same interest rate, with 
simple interest, then the money grows to 1 +x. 
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It is worth noting that with continuous compounding at the rate r during a period x 
the amount accumulated is the same as with continuous compounding at the rate x and 
the time r .2 This may look intuitively clear to some, and to the others the fact that both 
of the following two quantities converge to e ix  should be convincing enough to that 
end (the standard replacement r /n ,  x /n  = l / k ,  establishes this quickly, for large n): 

By this heuristic, the exponential function y = e' is introduced. My question is always: 
"What is more profitable: to have computation of interest done at the year end at 100% 
interest, or at 50% interest every 6 months, with the interest from the first half of 
the year added to the principal for computation of interest at the end of the second 
half?" The answer is unanimously that the latter method will give more interest (I 
do not know whether the answer would be as unanimous in less monetarily conscious 
cultures). And so much the better for continuous compounding, we arrive at an intuitive 
understanding of the following nice inequality 

(the lost art of inequalities!). The inequality is clearly true for x 5 -1, but also for 
x E (-1,0); the latter can be seen from an inequality e' 2 e t ,  t E (0, 1) that may 
be intuitive to some (the money et that $ 1 accumulates at the rate of 100% after a 
fractional time t with continuous compounding is greater than the t-"prorated" amount 
et of the final amount e). Otherwise, it is justified as in the sequel. 

In fact, it is instrumental to have Jakob Bernoulli's (1654-1705) inequality set be- 
forehand: 

(1 + a)" p 1 + nu, for every a 2 -1, and natural n 

([2], [3, p.3801; see also [I, Lectio VII, 5x111, p. 2241). Proving this inequality by 
induction is straightforward, but one can resort to comparison of compounding interest 
(once a year, with gain in interest equal a ,  after n years) and simple interest, for an 
equally elegant intuitive proof. The case when a is negative can be interpreted via 
depreciation of property. Incidentally, this inequality can be used in a rigorous proof 
that the sequence for e converges. 

Now we can make a calculus inference: drawing the graphs of (1 +x)" and 1 + nx 
we note that the two curves have the point (0, 1) in common, and the Bernoulli in- 
equality does not allow any more common points to the right of -1, hence the line is 
the tangent to the curve at this point. The calculus fact we derive is that the slope of 
the tangent at (0,1) to the curve (1 +x)" is n (FIGURE 1b). 

Using Bernoulli's inequality, we have (1 + :)I" 1 + x,  for every natural n and 
every real x p -11. Thus, passing to the limit we again get our inequality ex > 1 +x,  
for all x, and we conclude that the slope of the tangent of ex at (0,l)  is 1 = eO--see the 
graphs in FIGURE la .  Moreover we can also claim that e" % 1 +h, for small h, for in 
this case the time to maturity is as small as we wish and the simple interest calculation 
is close to a continuous one (for this is the meaning of the tangent to e" at (0, 1)). 
This is good to know, for if we are looking at a general tangent to ex at some point 
(xo, exO) with slope m, then for x close to xo, we have e" % m(x - xo) + e"0 (tangent 
approximated by a secant); algebra leads to e'o- % m, where we set h = x - x0. 

2 ~ h einterchangeability of time and interest is a deep secret around which the world revolves and the old 
proverb should actually be rephrased: "Time is interest!" 
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Figure 1a Figure I b 

The consequence is that the slope at a point (x, ex) is same as e", which is another 
crucial calculus fact, obtained yet again by algebraic reasoning. Maor [14] has more 
information on the events related to the development of the story of e. 

When I have clarified the inequality (3), I ask whether the same inequality would 
hold for other bases greater than 1. At this initial stage when students' grasp of expo- 
nential functions and calculus is meager, they are tempted to think that the same in- 
equality holds regardless of the base, especially if they rely on loose graphs to judge (to 
use educational jargon: this is the teacher's pedagogical content knowledge (PCK)-
the teacher's ability to predict (incorrect) responses of the students). The proper in- 
equality is 

which we can establish using once more our fundamental inequality: ax  = ex'"" >-
1 + x In a .  The tangent at 0 has slope In a .  There is yet another way to look into this 
inequality, namely as dual to (3). If f (x) 3 g(x), for invertible functions f ,g, then 
their inverses satisfy f -'(x) 5 g-'(x); this is how we obtain lnx 5 x - 1 (x > 0) 
and the consequence is again (4). 

Our inequality (3), or (4), can be cast now in a different shape by replacing x by 
x l e  - 1(or by x l a  - 1) in the inequality ex 2 1 +x (respectively (4)) and simplifying 
to get 

a x l " p ( x - a ) l n a + a ,  foral lx;  (6) 

voila, we have the answer to our question (1): If e 5 a < x,  then @ > f i ,or in 
power notation, a" > x" and similarly, if a < x 5 e, then $i< f i (in the former 
case (x - a )  In a + a 3 x - a + a), or a" < x", and clearly f i is the largest of them 
all. One should take some steps to justify why we make the above substitution and 
this is an opportunity to point out the beauty of how symmetry works: in light of the 
symmetry of a and x in inequality (4), it pays to look into the case when that symme- 
try is perfect-when x = a and thus to measure how far we are from that perfection 
for other choices of x and a ;  compare x and a and see how much their quotient dif- 
fers from 1. This is the time to talk also about some mathematical ingenuity-use of 
foresight that requires more than an immediate one-step procedure. 
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Somewhat inconspicuously and, to the student's untrained eye, unrelated, one might 
ask the following, to set the stage for later use: Given a > 0, find positive numbers y ,  z 
subject to a = yz ,  so that P = z '  is maximized. 

It is very instructive to show the students how a great mathematician Jacob Steiner 
(1796-1863) arrives at the same questions and answers outlined above. In [21], he 
discusses the following problem. 

Steiner's problem on the number e 

For +vhatpositive x is the x-th root of x the greatest? 

Steiner lived considerably later than Newton (1643-1727) and Leibnitz (1646- 
1716), and thus he knew calculus. He begins [21]by noting that a rectangle with pre- 
scribed circumference has the greatest area if the rectangle is a square-a fact that must 
have been known even to pre-Greek mathematicians. In other words, if x + y = a ,  then 
the product x y  is maximal if and only if x = y. 

Steiner goes on to say that the same is true when a fixed quantity a > 0 is broken 
up into 3 or n summands: the product of the summands is the largest, when they are 
all equal. This small generalization is not often seen in textbooks and should be intro- 
duced, for it has a pedagogical value in that it can be geometrically interpreted, but can 
also be used to illustrate basic notions when discussing partial derivatives and extrema 
in several variables (knowing this geometric-algebraic fact makes the solution via par- 
tial derivatives not only easy, but explainable). Again it is important to ask the students 
to work out this expanded problem both geometrically or algebraically (if po~s ib le ) .~  
This is a perfect space to take advantage of the harmonic-geometric-arithmetic mean 
inequalities (H 5 G 5 A) or to introduce them, if this has not been done before. 

For the more advanced students I have the following dual statements for them to 
understand, prove, elaborate, etc.; I use it to expand and relate and talk about the 
notion of duality and what it means in the following particular statements. 

a) If ri are rational numbers and xi > 0with s lx l  + . . . + s,,x,, = a ,  for some numbers 
s, ,  a ,  then the product P = xj" . . . . .xft" attains its maximum when 

b) If ri are rational numbers and x, > 0 with P = x;' . . . . . x:, for some P ,  then the 
sum slxl  + . . . + s,,x,, = a is minimal when the same equalities hold: 

Claim a) can be proved by first assuming that ri are natural numbers and using 
the geometric-arithmetic inequality applied to the quantities ( s i x i / r i ) " ' ;the case ri = 
pi/qi  is then straightforward. The proof of b) is shorter, for one can refer to the parts 
of the proof for a). These inequalities can be used extensively to find extremal values 
of various functions, without using calculus techniques. 

Steiner generalizes his first remark further to something related to the above state- 
ments a) and b): to find out when the product P = n xi is maximal, if xi = a ,  for 

3 ~ e r eagain one can introduce a method not used previously for solving the problem, using the arithmetic- 
geometric mean inequality, which in turn can be proved geometrically, as well as using calculus methods: Start 
with a l n  = (xl + . . . +x,,)/n1 q n ) ,where the equality, if and only if all the x's are equal, producing 
the maximum of the product. 
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a fixed a > 0 (e.g. a = e). The index set need not be the integers; this is where the 
generalization is not a straightforward one from the square case. The intrinsic value 
of this one page paper without proofs lies in his truly great interpretation, for Steiner 
allows for index sets, other than the positive integers. The solution however is just like 
for the square case: each part of the partition equals e and there are a l e  of those parts 
(that is the "number" of the summands is a l e  so that in effect the product is the power 
e"le). One first shows that the parts have to be equal: for if there are two unequal parts, 
then reduce the problem to the case of two summands to get a contradiction. Thus if 
we have a > 0 and a = yz, we can maximize P = zy, or P = z"lZ. 

Finally, after learning more about derivatives we can learn more about the function 
f (x) = f i ,x > 0.We find the local extrema, if they exist (whether they do should be 
discussed beforehand, with a more advanced slant). One may work this out using log- 
arithmic differentiation: In f = :In x and df = f $(1 - In x)  dx and one can show 
that the maximum occurs for x = e and then f i x 1.4447. The graph is now sketched 
more or less routinely, using whatever appropriate techniques one teaches at this time. 

This is done after thorough preparation, without which we would indulge in a 
bare exercise of routine logarithmic differentiation that would not reveal much of the 
essence. Discussions of the kind I presented here should be introduced much sooner 
than the subject of logarithmic differentiation, perhaps sooner than after having taught 
students much calculus at all. Both geometric-algebraic and derivative methods have 
their own merits: geometric-algebraic methods are less routine, and teach students sev- 
eral things about the exponential function in the process, such as its derivative; plus 
that beautiful picture (Figure la,b) . . . . It is worth worlung out examples of this kind 
when geometric methods turn out to be too complicated, and calculus proves invalu- 
able and superior. This happens often (or sometimes?) in the case of curves of higher 
degrees, outside of the scope of conic sections. Care should be exercised, for non- 
calculus methods work well with many curves other than conic sections. One can for 
instance find extremal values of a wide array of functions utilizing the inequalities 
we mentioned here; try, for instance, f (x) = x2(2- x2)-rewrite it and then use the 
harmonic-geometric-arithmetic mean inequalities. 

Rkaumur's honeybee cell problem as solved by Boscovich 

Close the top of a regular hexagonal prism with a roof made of three congruent 
rhombi in such a way as  to get a prescribed volz~ine of honey with a minimal 
expenditure of wax. 

The ancient thinkers were considerably puzzled by cell constructions the bees make. 
Pappus of Alexandria (ca. 300 A.D.) attributes the hexagonal shape of the hive-bee 
cells to reasons of economy [16]. Of the three regular polygons that tile the plane, the 
hexagon encloses the largest area for the prescribed perimeter. The density of a regular 
tessellation is defined to be the reciprocal of the ratio of the area of the polygon to the 
area of its inscribed circle. Hilbert and Cohn-Vossen [lo] show that the best (largest 
density) plane tessellation is hexagonal, with the density x 0.9069. Kepler (1571- 
1630) elaborates more fully on the shape of bee cells in [ l l ] .  

RCaumur (1683-1757) in his monumental treatise [17]on insects clarifies that such 
an ideal shape of a honeybee cell is indeed rare and that the real bee cell is more 
often a crude approximation of the ideal geometrical shape. These qualifications were 
resounded by Darwin (1809-1882) who cites additional sources in [6], testifying to 
economizing patterns of bees in cell making as the means of natural selection (see 
the section "Cell-making instinct of the hive-bee," in chapter VIII (titled "Instinct") 
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of [6])-apparently wax-economizing behavior and the unique shape of bee cells are 
obtained in time through gradual selection in that the bees which economize more, 
are more likely to survive. Close scrutiny of Darwin's related passages show that he is 
wavering on the subject, for instance in not being able to decide whether it is economy 
of wax or labor that matters. It is not fully clear that the bees have the same sense of 
economizing as the humans. I refer to [22] for variations on this optimization problem. 

RCaumur challenged several mathematicians of the time with the problem and a 
German mathematician Koenig gave a calculus solution [12], which however had some 
mistakes in it (see the sequel). We give here two solutions by R. Boscovich (171 1- 
1787), in reverse order from his own (the solutions are somewhat modified by using 
his ideas from both of the solutions [20]). We will explore the honeybee cell problem 
in more detail elsewhere [8]. It is worth mentioning that the cells often "stand" on their 
roofs (the upside-down version of our Figure 2a) and that a honeycomb consists of two 
interloclng layers of adjacent hexagonal cells, their roofs fitting without interstices in 
the middle, their bases roughly forming two parallel surfaces (planes) tessellated by 
hexagons-the easily identifiable part of a honeycomb. 

I give this problem to more advanced students, as a project with several aspects to 
deal with. To begin with, malung a drawing using principles of descriptive geometry 
may be very useful and instructive. 

In this idealized honeybee cell, the base is a regular hexagon A BCDEF (Fig-
ure 2a), but the top is not closed by a parallel and congruent regular hexagon 
G H I K L M  as in a regular prism with rectangular sides. Instead the vertical sides 
are congruent trapezoids whose edges form a nonplanar hexagon N H 0K P M .  

If we raise a perpendicular QR from the center Q of G  H  I  K  L M  and find the points 
N ,  0 ,P such that Q R  = G N  = I 0  = L P , then, by way of symmetry, the resulting 
rhombi R  M  N  H , R H 0K ,  R  K  P M are congruent. M QHG is a rhombus (Figure 2b), 
hence the pyramids R M QH and N M G H are of the same volume, since they have 
equal bases M  Q  H and M G H  as well as heights R Q and N G  respectively. The same 
reasoning applies to other rhombi. Thus, no matter what shape the rhombi are, all the 
cells will have the same volume as if the top were closed by the regular hexagon. We 
now need to minimize the amount of wax used to build such a cell. 

Figure 2a Figure 2b 
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Boscovich's second solution The variable part of the total area is 

Area = 6 Area(AN H B) + 3 Area(R M N H) .  

If we denote the lengths AB = G H  = a ,  AG = b, G N  = x,  then Area(ANHB) = 
nb - ax/2, and 

Thus we need to minimize the function A(x) = 6ab - 3ux + ( 3 2 / ? ; u / 2 ) d w  
and the minimum is easily found (after differentiation) to occur for 

(thus, we need to assume that a < 2&b; in reality, bees make deep cells, hence this 
condition is satisfied). 

Unknown to Boscovich, Newton's student Maclaurin had a very similar calculus 
solution [13] simultaneously, or before Boscovich. It is a good challenge to arrive at 
the minimizing quantities using inequalities, not derivatives. What however escaped 
both Boscovich and Maclaurin4 is the following algebraic way to minimize the above 
quantity: In fact we need to minimize C(x) = - x. 

If we denote y2  = x2 + a2/4, then this is the constraint for minimizing C(x, y) = 

aY- x (which is the same as minimizing C2). Although, x and y are not perfectly 
symmetrical participants, we can emphasize their dual roles by introducing D(x,  y )  = 
&x - y (by now, duality would have been our old friend). We have now easily 
c2- D~ = 2(y2- x2) = a2/2  and thus C2 = a2/2  + D ~ ;hence, C is minimized for 
D = 0 and that leads to (*). 

Because of equality (*) we get RN2 = (2SN)2 = 12x2 = (3/2)n2, and since 
M H~ = 3a2, we get the equality 

which determines the shape of the rhombi. The angles of the rhombi are easily de- 
termined: tan IR N H = SH/SN = MH/R N = 4,thus the angles are iM N  H % 

109O28'16.39" and i N H R  % 70031'43.61".~Thevolumeis V = (32/?;/2)a2b, whereas 
the minimal (closed) cell area is Area = (3(& + 4 ) / 2 ) a 2  + 6ab. 

Here Boscovich found errors in computations (or measurements, which Maraldi 
claimed to have performed) of his predecessors who worked on the same problem. In 
addition, RCaumur claimed that Koenig proved that by malung such a pyramidal roof, 
rather than the flat one, the bees save in wax by as much as the amount needed to 
build the flat roof. Boscovich said that this was wrong and it is a good exercise for the 
students to find the correct "savings." 

We now show an interesting fact, namely that the rhombic angles are equal to the 
corresponding non-right angles of the side trapezoids. Using (**) and the double an- 
gle formula for tan we get tan iM N  H = - 2 4  = - tan IR H N. On the other hand, 

4 ~ ~ t may have wanted to prove the point o f  calculus' usefulness. then, it may not have escaped them-they 
Maclaurin was a natural preacher in the new discipline o f  calculus and Boscovich was showing that he had 
adopted the new invention. Unlike most commentators, I think that Newton (and hence his students) was not 
comfortable with geometry and this, among other factors, may have facilitated a quest for something else. On 
the other hand, Boscovich adored the older geometric method and it resulted in a number o f  ingenious geometric 
solutions to various problems, while he at the same time may have had somewhat shorter calculus solutions. 

' ~ i g u r e2a is a cell view that distorts the angles; this view was chosen to reduce the "clutter in the attic." 
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tan iN  H B  = alx = 2&, by (*), hence iR  H N  = IN H  B ;  thus all the other corre- 
sponding angles are equal. 

Boscovich however goes further to show something no one involved noticed, 
namely that the spatial angles between the faces are all equal (except the right angles 
at the base), and equal to 120":We have just established that all the plane angles at 
vertex N are equal, thus the angles formed by the respective planes must be equal too. 
The angle between the planes F A N M  and N A B  H  is the same as iF A B  = 120". 
Now the same arguments may be repeated for the vertices 0 ,P, R ,  in place of N ,  
since the trihedra at those vertices are congruent to the one at N .  The same reasoning 
(and the same angles) applies to another group of vertices H ,  K ,  M that have four 
quadrilaterals abutting at them. 

This wonderful reasoning is then carried over to the construction of honeycomb. 
Boscovich thinks that bees have special instruments that they can use only in such a 
way as to produce the prescribed angles to connect two planes. These instruments are 
never so perfect, just like human limbs; thus the cells will deviate from the perfect 
form. Let us add that in our industrial age, the cells are often started (by a manufac- 
turer) in a form of a planar network of perfect hexagons and then offered to bees to 
finish the construction. Boscovich is nonetheless awed by the intention of the Divine 
Creator of nature who gave these little animals the tools and instinct that dictate the 
shape of the cells with the greatest saving of wax. 

Boscovich's first solution Let us look now into Boscovich's geometric solution (in 
fact his first solution) to the problem of the shape of the honeybee cell. He is pushing 
geometric considerations to their limits, and literally at that, for he utilizes limiting 
processes, without explicitly using our modern terminology in this respect. In this 
solution he gets the rhombi shape relation (**), which can be shown to be equivalent 
to (*), obtained earlier via derivatives. He says that the minimizing position M N  H  R  
will be such that any roof plate passing through M H  (say M N ' H R ' ,  Figure 3a), and 
close enough to the minimizing position, will assume equal areas in moving from a 
position just before, to some position just after the minimizing position. 

Figure 3a Figure 3b 
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The extra area that MN'H R' has over M N H  R equals the sum of the areas of trian- 
gles N H N' and N MN1-by which the areas of AN H B and AN M F were reduced: 

(1) Area(MN'HR1) - Area(MN H R) = Area(N H N') +Area(NMN1). 

The diagonals of the rhombus M N  H R are perpendicular and bisect each other and we 
can see then that G Q and R N pass through the mid-point S. Using the data we have 
and Figure 2a,b we get 

(2) G H  = 2GS 

and 

Within the plane NSN', use an arc with center S and radius S N  to get a point T on 
SN'. We then have 

(4) Area(MNIH R') -Area(MNH R) = M H  . N'T 

and 

(5) Area(N H N') +Area(NMN1) = N N' . G H ,  

as triangles with the same base NN' and altitude G H .  From (I), (4), and ( 5 ) we get 
M H  . N'T = NN' . G H ,  or NN' : NIT = M H  : G H ,  and by (2), we have 

(6) NN' : NIT = S H  : SG. 

Here is where Boscovich applies limiting reasoning (N' is close to N): The triangle 
NTN'  can be considered to be right, with the right angle at T (Figure 3b), and angles 
G N S  and NN'S approximately equal, and we can consider the triangles SNG and 
NTN'  to be similar, thus we have a relation NN' : N'T = S N  : NG so, by (6), we 
have 

(7) S N  : NG = S H  : SG; hence, by (3), SN2 : NG2 = 3 : 1, 

and then 

(8) SG2 : NG2 = 2 : 1, since SG2 = SN2 - NG2 

From (7) and (8) we now have 2 s N 2  = S H ~and, since N S  = (1/2)NR, S H  = 
(1/2)M H ,  we get 2N R2 = MH~ and this is the relation (**). We can now recon- 
struct the rest as in the other proof. 

Boscovich prefers this geometric solution which appears to him as simpler and 
more elegant, as it often happens ("Et quidem saepe accidit, potissium in hujusmondi 
problematis admodz~m simplicibus, ut Geometria simpliciores, & elegantiores determi- 
nationes exhibeat, quam calculus."). He also rightly says that the geometric approach 
gets some relationships straightforwardly, unlike the solution with the derivative. Go- 
ing back to my introductory remarks, this inevitably happens when we apply unifying 
tools (such as calculus and category theory)-they give us automatic snappy solutions, 
but a more detailed and perhaps a deeper insight is lost, while we gain in a global pic- 
ture. In any case, both of these solutions are a good example of a happy mixture of 
geometric and analytic methods worlung together. They both emulate this mix, one 
using Newton's (derivatives), another Leibnitz's (infinitesimals) flavor of differential 
calculus. Most often I present the method that uses derivatives to minimize, however 
with a more refined audience I inevitably reach for the purely geometric option. 

The honeycomb discussion I touched upon here contains more mathematics than 
meets the eye, and is far from exhausted; I will devote a more thorough study to it in 
the future [S]. 



VOL. 74, NO. 3, JUNE2001 	 21 1 

Acknowledgment. I thank the referees for a number of comments, suggestions and corrections that resulted in 
a better presentation of the paper. I hope that the paper still contains imperfections, without which it could never 
aspire to be perfect. 

REFERENCES 

1. Barrow, Isaac, The Mathenzatical Works, Ed. W. Whewell, xxf320 pp. f220 figures. Cambridge, UK, 1860, 
reprinted G. Olms Verlag, 1973. 

2. Jakob Bernoulli, Positiones Arithmeticae de seriebus infinitas, earumque summa finita, Basileae, 1689, 
Opera 1, p. 375402.  

3. Jakob Bernoulli, Opera, 2 volumes, VIIIS48+1139 pp., Ed. H. Cramer and F. Philibert, Geneva, 1744. 
4. James N. Brawner, Dinner, dancing and tennis anyone?, this MAGAZINE, 73 (2000), 29-35. 
5. Piet~e Cartier and Marjorie Senechal, The continuing silence of Bourbaki-an 	 interview with Piet~e Cartier, 

June 18, 1997, The Math. Intelligencer, 20 (1998), No. 1, 22-28. 
6. Charles Robert Darwin, On the Origin ofspecies by Means ofNatural Selection, John Murray, London, 1859. 
7. Radoslav DimitriC, Sir Isaac Newton, Math. Intelligencer, 13(1991), No. 1, 61-65. 
8. Radoslav DimitriC, Honeyconzbs, A book in preparation, ca. 2001. 
9. Leonard Euler, Introductio in Analysin Infinitorum, vol. 1. Opera Omnia, Ser. 1, vol. 8, Leipzig, 1922. En- 

glish edition: Introduction to the Analysis of the Infinite, Springer Verlag, New York, 1990. 
10. D. Hilbert, and S. Cohn-Vossen, Geonzetry and the Inzagination, Chelsea, New York. 1952. 
11. Ioannis Kepleris, Strena Sell De Niue Sexangula, Francofurti ad Moenu~n apud Godefridu~n Tampach, 161 1. 

English edition: The six-cornered snowflake, Clarendon Press, Oxford, 1966. 
12. Johann Samuel Koenig, Lettre de Monsieur Koenig ?I Monsieur A.B., Ccrite de Paris ?I Berne le 29 novembre 

1739 sur la construction des alvkoles des abeilles, avec quelques particularitCs litttraires, Jozlrnal Helve'tique, 
April 1740,353-363. 

13. Colin Maclaurin, Of the bases of the cells wherein the Bees deposite their honey. Part of a letter from Mr. 
Maclaurin, Professor of Mathematics at Edinburgh, and F.R.S. to Martin Folkes, Esq; pr. R.S., Plzilosophicrrl 
Transactions,42 (1742/43), 565-571. 

14. Elie Maor, e. The Story of a Number, Princeton University Press, Princeton, 1994. 
15. Barbara H. Margolius, Avoiding your spouse at a bridge party, this MAGAZINE, 74 (2001), 33-41. 
16. Pappus of Alexandria, (nAII I IOT AAEEANAREQC 	CTNAFQTH) Pappi Alexantlrini Collectionis 

Reliquiae, Liber V. A Greek-Latin edition with commentaries by Fridericus Hultsch. Berolini, apud Wei- 
dmannos, 1876. (See also an excerpt in English translation in: Thomas Heath, A History of Greek Mathenzat- 
ics, vol. 11, Dover Publications, Inc., New York, 1981: On the sagacity of bees in building their cells, ca. 340? 
A.D.) 

17. RenC Antoine Ferchault de Reaumur, Me'nzoirespolir Servir h 1'Histoir.e des Insectes (173442) IIIrd chapter, 
fifth volume, 1740. 

18. W. W. Rouse Ball, Mathematical Recreations & Essays, The MacMillan Company, New York, 1947. 
19. Bertrand Russell, An Essay on the Fozlndations ofGeonzetry, Cambridge: At the University Press, 1897. 
20. Benedicto Stay, Philosophiae Recentioris a Benedicto Stay, Versibus Traditae Libri X . . . , Romae 1755. 

Addendum pp. 498-504 of book I1 is by Boscovich, Ruggiero, De apizirn cellulis. 
21. Jacob Steiner, ~ b e r  das grosste Product der theile oder summanden jeder Zahl, J. Reine Alzgew. Math. = 

"Crelle's Jo~lrnal" 40 (1850), No. 3, 208. 
22. L. Fejes T6th, What the bees know and what they do not know, Bull. Amer Math. Soc. 70 (1964), 468-481. 


