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1. Introduction. The formulas C = 27rr and A = 7rr2 are part of the vocabu- 
lary of our students and of many ordinary citizens, but very few know the ideas 
underlying them-not even my recent honors calculus class, who told me they 
were handed the formulas in high school without explanation. As for the presence 
of 7r in both formulas, some thoughtful students may consider it a miracle; but 
probably most people regard 7,with its mysterious string of decimals, as just one 
more example of the depressing magic that math teachers dish out for them to 
memorize. 

Devoting even one calculus or precalculus period to the fundamental ideas can 
accomplish several things: come to grips in a nonthreatening way with the com- 
pleteness of the real numbers, afford a preview of the integral in a familiar context, 
clarify the basis for the trigonometric functions, show the theorem on the limit of 
(sin a ) / a  in its natural setting as essentially just the definition of the circumfer- 
ence of a circle, and of course elucidate the famous formulas themselves (which 
the students are going to remember long after they have forgotten all their 
calculus). 

What follows is an expanded account of what I presented to the class (and later 
to an MAA section meeting). It was a pleasure to see their eyes light up at the 
punch line. 

2. .rr and (sin a ) / a .  The perimeter of any circumscribed polygon about a circle 
is greater than that of any inscribed polygon. (This is a good exercise for the 
students, though they may need hints.) Obviously, the area inside any circum- 
scribed polygon exceeds that inside an inscribed polygon. It is convenient to 
restrict our attention to the inscribed regular polygons P,, where m, the number 
of sides, is a power of 2. (I had my students draw the picture for m = 4, 8, 16, and 
32.) We define C, the circumference of the circle, to be the least upper bound of 
the perimeters of the P,, and A,  the area inside the circle, to be the least upper 
bound of the areas they enclose. 

Polygonal lengths on a circle of radius r are equal to r times the corresponding 
lengths for the unit circle. So, then, is their least upper bound. (Here and later we 
need the theorem that lub cx = c lub x ( c  2 0); I would show students this proof.) 
The circumference of a circle is therefore proportional to the radius. The constant 
of proportionality-i.e., the circumference of the unit circle-is called 2 7 ;  this 
defines 7. Thus, C = 27rr. 

On the unit circle, a pair of consecutive vertices of P, marks off an arc of 
length 27r/m-at the present stage, this is an axiom rather than a theorem-and 
this number is defined to be the radian measure of the corresponding central 
angle. On a circle of radius r ,  the angle cuts off an arc of length 27rr/m. 

FIGURE1 shows the sector associated with a side AB of a polygon P,, and its 
two half-sectors corresponding to sides AD and DB of P,,. The central halfsangle 
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a (or a Z m )has arc r a ,  and the half-side of Pmis r sin a .  Since the ratio of side to 
arc is the same as perimeter to circumference, 

sin a Pm 
- - - - + 1. 

a C 

The area inside triangle OAD is (1/2)r2 sin a; and the area inside P2, is 
C/ ( ra )  times that area. Therefore, 

1 sin a 
area P2, = -Cr -.

2 a 

Taking least upper bounds yields 

(This is what so pleased the students.) With C = 2 r r ,  A = r r 2 .  

3. Remarks on the proof. A variant derivation bypasses (sin a ) / a ,  using the 
more elementary fact that cos a + 1 as a + 0. To verify this latter, assume for 
simplicity that 0 < a < r / 2 ;  then 

0 < 1 - cos a < 1 - cos2a = sin2a < sin a < a (3)  
-this last from FIGURE1. By the squeeze theorem, 1 - cos a + 0, whence 
cos a + 1, as a + 0. (Note too for later reference that sin a + 0.) 

In FIGURE1, the area enclosed by triangle OAB is (1/2)r2 s in2a ,  and the 
length of AB, a side of Pm,is 2 r  sin a .  The area and perimeter of Pmare in the 
same ratio, which is (r/2)cos a .  Taking limits, we get A / C  = r/2. 

A heuristic form of these arguments is the well-known "cut-and-unroll" proof 
shown in FIGURE2. 

At the other extreme, [I] uses integration by parts to transform the (improper) 
integral for the length of arc of a quarter-circle to (2/r) times the integral for the 
area. 
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4. lim(1 - cos a ) / a  = 0. Note that this result is independent of the units used 
in measuring a. (Ask your students what causes this difference from the case of 
(sin a)/a.) Nor do we need to know that (sin a ) / a  has a limit, but only that it is 
bounded-say by k. In evaluating lim(1 - cos a ) / a ,  I think the following direct 
manipulation of inequalities is more instructive than the usual trick of multiplying 
and dividing by 1 + cos a. From (3), 

1 - cos a sin a 
0 < < - sin a < k sin a + 0, 

a a 

and the result follows from the squeeze theorem. 

5. Definitions of circumference and area. It is instructive to check that the 
various natural definitions of circumference and area are all equivalent. Let Q, be 
the circumscribed polygon whose points of tangency are the vertices of P,. The 
following result is basic. 

THEOREM.There are P, and Q, with arbitrarily close perimeters and enclosing 
arbitrarily close areas. 

Proof. This proof is a good one to show students. In FIGURE1, the half-sides of 
Q, and P, are r tan a and r sin a; multiplying by C/(ra)  then gives the 
perimeters. The areas inside triangles OAE and OAD are (1/2)r2 tan a and 
(1/2)r2 sin a, and multiplying by C/(ra)  gives the areas inside Q, and P,,. 
These facts yield the interesting pair of formulas 

tan a - sin a 
perim Q, - perim P, = C , 

a 

and, using (2), 

tan a - sin a 
area Q, - area P2, = A 

a 

It is easy to see (e.g., from (3)) that these quantities approach 0 as a + 0. 

It follows from the theorem that C is the unique number greater than all 
inscribed and less than all circumscribed polygonal perimeters, and is the least 
upper bound of the former and the greatest lower bound of the latter-and these 
statements hold both, for all polygons and for the P, and Q,; finally, the 
corresponding statements hold for A. 

6. Underlying concepts. The development of the trigonometric functions rests 
on several concepts: the definition of the length of an arbitrary arc as the least 
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upper bound of polygonal paths; the fact that congruent arcs then have the same 
length; the fact that arc length is additive (needed in deriving the formula for 
cos(a + P ) ) ;  and the existence of arcs of arbitrary length, so that sin a and cos a 
really are defined for all real a [2, pp. 198-1991. Everyone will have one's own idea 
about whether, when, and how to bring them in. Most texts say nothing at all. 

In our discussion, the length of arc on the unit circle determined by a side of Pm 
is defined-as C/m; therefore sin a and cos a are defined for a = 27/4,  27/8, 
27/16,.  . . . Trivially, the sequence of perimeters P,, P,, PI,, . . . is increasing 
(which is why we stick to powers of 2); the limit notation in (1) is therefore 
intuitively clear. But is it reasonable to evaluate the limit of (sin a ) / a  (and the 
other limits) for a ranging merely over a sequence? Well, at least that's a more 
substantial domain than the empty set; moreover, we get the result free of charge 
in the course of deriving the formula A = r r 2 .  In any case, we are still permitted 
to show students the standard argument based on the areas of the right triangles 
and the sector. 

By the way, if we now define the length along the unit circle determined by k 
consecutive sides of Pm to be kC/m-or, alternatively, if we decree 
additivity-then all dyadic rational multiples of C appear as arc lengths. This 
dense set of values, obtained effortlessly, gives the student something to hang onto. 
(One can then get the lengths of all other arcs from this set by means of least 
upper bounds.) 
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The Structure of Orthogonal Transformations 
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1. Introduction. What does an orthogonal transformation "look like" in Eu- 
clidean space of dimension n? 

For n G 2, most of my linear algebra students can literally see the answer to this 
question once I tell them what an orthogonal transformation is-any linear 
transformation which leaves all lengths unchanged-and point out that they 
already are familiar with some geometrically defined examples: reflections and 
rotations. 

In fact, an orthogonal transformation of a line (n = 1) is either the identity or 
the reflection across the origin, and an orthogonal transformation of a plane 
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