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THEOREM 3 (R. M. Robinson). Suppose an a-by-b flat torus is tiled with rectangles
parallel to the sides of the torus. Suppose each tile, regardless of its length or width, is
designated to be either an H-tile or a V-tile and let Gy (resp., G,) be the group
generated by the widths of the H-tiles (resp., heights of the V-tiles). Then at least one
of the following is true:

1) aisin Gy

2) bisin Gy,

(3)  For some relatively prime integers m and n, ma is in Gy andnbisin G,.

Proof. Let T' be the graph associated with the tiling, as described in the Fulerian
path proof. On the torus, loops can occur. To ensure that T embeds on the torus,
curve the edges a little in the direction of the tile defining the edge; see Figure 9. As
in the planar case, each vertex has degree 2 or 4. (In degenerate cases, such as a
tiling with one tile, the corners have 2 or 4 loops.) Thus each component of T is
Eulerian. In particular, any edge lies on a simple cycle.

The proof will be by induction on N, the total number of tiles. If N = 1 either (0))]
or (2) holds. For N > 1 observe that if I’ has a noncontractible cycle, then one of
(1), (2) or (3) follows. For we may assume that there is a simple noncontractible
cycle C. If C winds exactly once in one of the directions then (1) or (2) holds.
Otherwise we may use the well-known result that if C winds more than once in one
direction, then its winding numbers in the two directions are relatively prime (this is
a consequence of P. Lévy’s “Universal Chord Theorem” which implies that if
ged(m, n) = d then a simple curve from the origin to (m, n) has a chord that is a
translate of the segment from the origin to (m/d, n/d) (see [4, p. 23])). This yields
(3). For example, the graph of the Robinson-Golomb tiling has two cycles, each
winding thrice around the horizontal direction and twice vertically, so 3a is in G
and 2b is in G,. However, there are tilings for which ' has no noncontractible
cycles (example in Figure 10); in such cases we shall show that the tiling can be
modified so that there are fewer than N tiles.

Suppose then that T has only contractible cycles. Then T must have a simple
contractible cycle with no edges in its interior (called an empty cycle). For if C is a
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F1G. 9. Two examples—one with two tiles, one with just a single tile—of graphs associated with tilings
of a torus.
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F1G. 10. An example of a toroidal tiling for which the graph has no noncontractible cycle.

simple contractible cycle with the fewest number of edges in its interior then this
number must be 0; any edge inside C would lie on a cycle having fewer edges in its
interior than C does.

First suppose I' has an empty contractible cycle which, when viewed in the tiling,
has no tile in its interior. Such a cycle, viewed in the tiling, must traverse each part
of its boundary twice, once in each direction. Since the cycle is simple, this means it
can have no right angles, and so must look like one of the cycles in Figure 11. In
either case we can modify the tiles as in Figure 4 (expanding one side to absorb the
narrowest—or shortest—tile on the other side), which reduces N by at least 1, as
desired for the induction.

If there is no cycle as in the preceding paragraph, then I' has an empty
contractible cycle C that does have a tile, say, an H-tile, in it interior. Because C is
empty, both the top and bottom of the tile correspond to edges on C. Label the tile’s
corners a, b, c, d starting from the upper right and going clockwise. Because C is a
simple cycle, C must have the form a... bc. .. da. Now, adding the vertical steps in
C between a and b yields that the distance from a to b lies in G .. But then we may
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FIG. 11. A contractible cycle that, when viewed in the tiling, has no tile in its interior, must look like one
of these two cycles.
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switch the tile from an H-tile to a V-tile, shortening the length of the cycle. We can
continue shortening the cycle in this way until it no longer has a tile in its interior.
Then we are in the preceding case, where it was easy to reduce the number of tiles. B

Not too much is known for higher-dimensional tori. Robinson has generalized his
prime number proof to show that if such a torus is tiled with boxes having an
integer side, then the torus has at least one rational side. This can also be proved by
the step function proof, which has the advantage of working for arbitrary groups.

THEOREM 4 (Robinson, Maté). Suppose an n-dimensional flat torus with side-lengths
a;,, i=1,...,n, is tiled by n-dimensional boxes parallel to the sides of the torus, with
each tile havmg one designated side. Let G, be the group generated by the designated
side-lengths in the ith direction. Then for at least one a; there is a positive integer m
such that ma, is in G,.

Proof (Maté). We give the details assuming the case of an a X b flat torus in R
the extension to higher dimensions will be clear. Assume the a X b rectangle is in
standard position and the origin is the corner of a tile. Extend the tiling periodically-
to the whole plane and define a graph T as in the step function proof: If (x, y) is a
corner of a tile in any copy of the torus then the points (x, 0) and (0, y) are vertices.
Connect two vertices on the x-axis if the interval they define is spanned by an
H-tile in the tiling of the plane; this includes the case of tiles straddling a vertical
boundary of a torus. Define edges on the y-axis likewise using V-tiles.

It is sufficient to prove the following claim, for if T' has infinitely many vertices
on, say, the x-axis that are in the same connected component, then that component
must contain two vertices of the form (x,0), (x + ma,0). This implies that ma is
in G,.

Claim. The graph I' has an infinite connected component.

Proof of claim. To prove the claim, assume it is false. Then all components are
finite and we may define a function C; on the points on the x-axis corresponding to
vertices in I' by letting C;(x) be the least ¢ such that (¢,0) is in T and in the same
component as (x,0). Define C, for vertices on the y-axis similarly. Now define a
step function f on the x-axis by letting f equal C;(x”") — C;(x’) on the interval
between any two consecutive vertices x’, x”” in T.

As before, the sum of f-values over 1ntervals subdividing a single H-tile in the
tiling of R? is zero. Moreover, because of the periodicity of the tiling of the plane,
Ci(x + a) = Cy(x) + a and f is periodic with period a. It follows that the sum of
f-values over intervals subdividing a single H-tile in the original torus in standard
position is 0. These properties also hold for the step function g, defined using C,
analogously to f. To conclude; proceed as in Theorem 1 to refine the tiling into a
grid and observe that the sum of the fg values over a tile vanishes, whence the sum
over the entire a X b torus vanishes. But this is a contradiction since this sum
equals ab: the sum of f (resp., g) over the intervals in [0, a] (resp., [0, b]) is simply
Ci(a) — C1(0) = a (resp., C,(b) — C,(0) = b). W



616 STAN WAGON [August-September

The preceding argument also works on a box in R” where some, but not all, sides
are identified. The result then states that either there is an “unidentified” direction
of the box whose side-length is in the subgroup generated by designated lengths in
that direction, or there is an “identified” direction for which an integer multiple of
the side-length is in the group corresponding to that direction. In the case of the
standard torus or cylinder this is not best possible, but the proofs in those cases do
not generalize to higher dimensions. Unlike the proof of Theorem 3, the preceding
argument works for multiple tilings, and so yields something for multiple tilings of
the standard two-dimensional torus: If each tile has one integer side then at least
one side of the torus is rational (and similarly in higher-dimensional multiple
tilings).

4. Summary and open questions. The various generalizations considered here do
a fairly complete job of distinguishing the proofs. If one calls two proofs equivalent
provided they work on the same set of generalizations then, unless new modifica-
tions are found, the only equivalences are (1) ~ (2) ~ (3) and (9) ~ (10). The two
most powerful proofs seem to be the Eulerian path and step function proofs. The
former fails only on high-dimensional tori, multiple tilings of the standard torus,
and the k& > 1 case of Theorem 2; the latter works in all cases, except the cylinder
and torus, where it does not yield the best possible result. A definitive comparison
will have to wait until the true situation in higher dimensions is resolved; see
Problem (a) below.

Problem (a). Can the seemingly weak statement about tilings of higher-dimen-
sional tori or cylinders be improved, or is it best possible? The simplest unsolved
case is that of a box with left and right faces identified. Can such a box having
dimensions a X B X y, where a is rational and 8 and vy are irrational, be tiled with
boxes each of which has one side of unit length?

Problem (b) (S. Golomb). For which triples (a, b, k) can the a X b torus be tiled
using copies (vertical or horizontal) of a 1 X k tile?

REMARKS. De Bruijn’s original result characterized the rectangles that could be
tiled using copies of a 1 X k tile: either the height or the width of the rectangle is a
multiple of k. This is true for an a X b torus if k is a prime power. This was first
proved by Robinson and Golomb using coloring techniques; it also follows from
Theorem 3 above if one divides everything by k£ and observes that the relatively
prime coefficients m and n cannot both absorb a power of the same prime. It
follows that k = 6 is the smallest number for which there is a triple (a, b, k) as in
Question (a) with neither a nor b divisible by k. An unsolved special case of
Question (a) is the problem of determining which a X b tori can be tiled with copies
of a1 X 6 tile. Golomb has shown that the 10 X 15 torus is the smallest example.

Problem (¢). What is the situation regarding double tilings of the standard torus
where each tile has at least one integer side? Is it true that either one side of the
torus is an integer or both sides are rational?
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Appendix to justify claim that proofs are different:

Proofs:

(1) Complex double integral
(2) Real double integral
(3) Checkerboard
(4) Counting squares
(5) Polynomials
(6) Prime numbers -
(7) Eulerian path
(8) Bipartite graph
(9) Induction
(10) Induction, variation
(11) Minimal cut-set
(12) Sweep-line
(13) Step functions
(14) Sperner’s Lemma

Proof number
1,2,3

Generalizations:

Plane

Plane, Ruzsa hypothesis

Plane, arbitrary groups

n-dimensions, k =1

n-dimensions, k£ > 1

n-dimensions, k > 1, Ruzsa hypothesis
Cylinder

Torus

Plane, multiple tiling

10. Plane, multiple tiling, arbitrary groups
11. High dimensional torus

12. Torus, multiple tiling
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