
where the edge length is taken to be 1. (T6th [40] included some remarks about this 
problem for even n.) 

(a) n = 5. (b) n = 6. 

Figure 4. Regular polygons. 

The shortest escape path is not known in the case of an equilateral triangular re- 
gion. Assuming the triangle has unit side, one might expect the shortest path to be a 
straight line segment of length 1. Gross [19], however, observed that for sufficiently 
small s the path pictured in Figure 5a, with ZCAB = 150 and CD = 1/3 - e, is an 
escape path for the equilateral triangle of unit side, and its length is less than 1. (It is 
easy to see that any e with 0 < e < 0.013 works.) Prompted by an equivalent ques- 
tion posed by Graham [18] in 1963, Besicovitch [11] found the escape path of length 
3 /21/14 x 0.981981 pictured in Figure 5b, where ZCAB = arcsin(1/ /2-8) 10.9' 
and x = /3/T28. (He obtained his result by solving an optimizing equation numeri- 
cally; the radical expressions were found by Steven Knox in 1994.) Besicovitch con- 
jectured that this path is the shortest. Although this conjecture is likely to be correct, 
little progress has been made toward its proof. 

B D B D 

113 1/3 

A C A C 

(a) The Gross path. (b) The Besicovitch path. 

Figure 5. Two zigzag paths, both with CD II AB. 

Nothing seems to be known concerning the escape problem for nonequilateral 
triangles. 

Line. The last two special cases are of a somewhat different character, and it is a little 
more natural to phrase them in plain geometric language as searches in the plane. 

Bellman assumed in his second situation that the region is a half-plane and the 
initial point is a known distance from the edge. So, given a point P, we seek the 
shortest search path to find a line m, given its distance d but not its direction from P. 
The shortest search path, shown in Figure 6, was described in 1957 by Isbell [21]. It 
has length (/3 + 77r/6 + 1)d a (6.397242)d. In an important 1980 article Joris [23] 
supplied a complete and detailed proof. Melzak [29, pp. 150-153] also considered 
Isbell's problem. 

Circle. In 1961 Gluss [17] considered the problem of searching for a circle of known 
radius in the plane, given its distance from the starting point but not its direction. As 
Gluss noted in his abstract (p. 357), "The problem appears to be of some practical 
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Figure 6. Search for a line m. 

significance, since it is equivalent to that of searching for an object a given distance 
away which will be spotted when we get sufficiently close-that is, within a specified 
radius." There are two different situations: exterior, in which the starting point P is 
outside the target circle C, and interior, in which the starting point P is inside the 
target circle C. Gluss considered the case in which the starting point P is outside the 
target circle. We consider the two situations separately. 

The exterior case. This is a natural situation in which the region is not convex. Sup- 
pose that the target circle C has radius s, and that the initial point P lies outside C 
at distance r + s from its center. Let F be the circle of radius r and center P, and 
let C' be an auxiliary circle of radius s whose center O' is chosen arbitrarily at the 
given distance r + s from the starting point P (Figure 7). Let R be the point on F 
and Q the point on C' so that QR is tangent to F at R and the ray O'Q bisects LPQR. 
(Locating Q requires the numerical solution of an intractable trigonometric equation.) 
Gluss's search path follows the segment PQ to C', then the segment QR back to F, 
then along F to S, and finally to T on C' along the tangent line SO'. His persuasive 
heuristic reasoning that the search path PQRST so defined is the shortest has not, to 
our knowledge, been put on a more rigorous footing. Gluss observed further that for 
s -+ co with r = 1, this path approaches Isbell's path (Figure 6). 

P T r 

" 
S I~ e . 

0' 
C' 

Figure 7. The exterior case with r/s = 0.50. 

The reasoning specializes correctly to the case in which the target is a point (s = 0) 
at known distance. More generally, if one knows only the distance to a target object 
but nothing about its shape, then, as Melzak [29, p. 150] remarked in 1973, the shortest 
search path is the path pictured in Figure 8: move the known distance in any direction 
and then describe a circular path about the starting point. 

The interior case. If the starting point P lies inside the target circle of radius s but 
nothing further is known, then the best search path is the line segment of length 2s (as 
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P 

Figure 8. Search for an object at known distance. 

Gross [19] noted in 1955). But if the distance r to the circle is also known, the interior 
problem seems to yield to the same heuristic considerations that Gluss used for the 
exterior case, at least when r < s/2. The shape of the shortest search path depends 
only on the ratio p = r/s of the two given distances. Figure 9a shows the Gluss search 
path PQRST for the case p = 0.20. Its length is about 1.24s < 2s. Figure 9b shows the 
path for p = 0.40. Its length is about 2.34s > 2s. Since for fixed s and 0 < p < 1/2 
the length ?(p, s) of the Gluss path is an increasing continuous function of p, there 
is a value po for which the Gluss path has length 2s. Numerical investigations give 
the approximate value po a 0.333454. So we suggest that in the interior case, the 
length 3 (p, s) of the shortest search path is as follows: 

0 when p =- 0, 
p S ?(p, s) when 0 < p < po, 

' s) 2s when Po < P < 1/2, 
(2 - p)s when 1/2 < p < 1. 

In particular, when p = po both the Gluss path and the straight line segment are search 
paths of length 2s; and we have a second situation in which the shortest search path is 
not unique. 

C' 
' 0 2.34s > 2s 

T 
r 

Fr p 
s 

\ R 

R 1.24s < 2s Q 
(a) p = 0.20. (b) p = 0.40 

Figure 9. Interior Gluss paths. 

4. RELATED QUESTIONS. There are many interesting variants and related ques- 
tions in the literature. Baeza-Yates, Culberson, and Rawlins [5], [4] conjectured that a 
logarithmic spiral is the best path to follow to escape from a half-plane forest if one 
does not know how far one is from the edge, but this has apparently not yet been estab- 
lished rigorously. The "beam detection problem" asks for the shortest plane path that 
meets every line that meets a given compact, convex set (see Faber and Mycielski [14], 
Finch [15]). In insightful articles [46], [47], and [44], Zalgaller suggested, without rig- 
orous proof, possible solution curves for a variety of interesting extremal problems in 
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space, including the question of the shortest curve that has minimal width one. Other 
variants were considered by Anderson and Fekete [2], Baeza-Yates and Schott [3], 
Hassin and Tamir [20], L6pez-Ortiz [26], and Papadimitriou and Yannakakis [34]. 
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