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effect that (i) and (i) may both be verified within a time polynomial in log . Thus, the following
theorem (see [4] for a proof) shows that a suitable choice of P and Q gives an algorithm with
running time O((log n)<'°61°¢1%¢ " for any ¢ > c,.

THEOREM 5 (C. Pomerance, A. Odlyzko). Let P, Q, z and w be defined as above such that Q
consists of all primes q with q — 1|z. Then there are absolute computable constants c;, c, > 0 such
that, if w > n'/? > 10, then the least possible value of z satisfies

(logn)cllogloglogn <z< (logn)czloglogk)gn‘

REMARK. Computations in [4] show that if P is taken as the set of the first 6 primes, then
z = 30030, Q consists of 21 primes and w > (5 - 10%)1/2, Similarly, if P is the set of the first 13
primes, then z is about 3 - 10'4, Q consists of 807 primes and w > (10'13°¢)}/2, These are optimal
choices in the sense of Theorem 5.

The current implementation [11] differs from the algorithm described above in several ways.
Firstly, it uses Jacobi sums (which were introduced in the original paper [4]) in place of Gauss
sums. The computations required to verify condition (i) of Theorem 4 can then be replaced by
computations in a smaller ring Z,[{,] and the exponent n?~* — 1 reduced to one about the size of
n. Secondly, a generalization of Theorem 4 allows multiple prime factors in z and w and this has a
significant effect on the practical running time, although not on its asymptotic form. The result is
an efficient primality proving program based on an algorithm which is a major theoretical and
practical advance on any earlier method. Finally, we mention that [4] and [33] also give completely
deterministic algorithms for finding proofs of primality, and these algorithms have the same kind
of asymptotic running-time as the version described above. However, the probabilistic version
turns out to be the better choice for implementation.

14. What of the Future? On the theoretical side there still remain the questions as to whether
there exist polynomial-time algorithms for proving primality or for factoring integers. The
prospect for a polynomial-time algorithm for proving primality seems fairly good, but it may turn
out that, on the contrary, factoring is NP-hard.*

The following are some directions which might lead to better theoretical or practical algo-
rithms.

1. Do there exist “highly composite” integer-valued functions which can be computed quickly?
In a sense this is the idea behind the method described in Section 10 where x™ — 1 is divisible by
every prime r such that r — 1|m. For example, if k!mod n could be computed quickly for
k € [1, n], then we should be able to factor n quickly (see [54] for a mathematical pun on this
theme).

2. Can we speed up the method described in Section 11? For example, are there better ways
than the use of continued fractions to produce small quadratic residues modulo » (smaller residues
should increase the likelihood of a larger portion being B-numbers). Are there better choices for
the factor base B than small primes? See [43] for descriptions of other variants of the basic method
of Section 11.

3. The Adleman-Rumely-Pomerance algorithm of Section 13 uses the fact that n passes certain
kinds of pseudoprime tests to set up an especially attractive form of sieve. Is an analogous idea
possible when # is not prime? Specifically, can we construct a sieve so that the potential divisors
which remain lie in a simply describable set?

4. What about the use of rings and groups other than Z, and U,? There is a “p + 1 method” of
factoring which is based on computations in the ring Z,[ X1/(X* — ¢) (see [20, p. 73] and [62]
where the idea appears in a slightly disguised form in terms of Lucas series). D. Shanks has shown
how to use the class groups of binary quadratic forms (see [51], [53], [S5], [S7] and [58]). As Section
13 suggests, the extra freedom might be very helpful.

5. Can the theoretical bases of the currently used methods of factorization be tidied up?

*The important concepts of NP-hard and NP-complete problems are discussed, for example, in [16a].
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Perhaps there are probabilistic versions which might be more amenable to analysis.

The bibliography below lists only the books and papers which have been mentioned in this
survey. Further references may be found in [20], [41], [43], [61] and the Math. Centrum Tracts in
which the articles [43] and [53] appear.
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128. MISCELLANEA

Proper integrals are just like sums, we always say. Are they? Could the equation

folx_"dx= i n"

n=1

be true? See p. 357.





