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Mercury (e = 0.206), the absolute error is about 1.5 X 10~!> meters. Note that if
we set b = 0 in Ramanujan’s second formula, we find that = = 22 /7.
Fergestad [49] rediscovered Ramanujan’s first formula several years later.
Despite Ramanujan’s remark on the discovery of these two formulas, Jacobsen
and Waadeland [26] have offered a very plausible explanation of Ramanujan’s
approximations. We confine our attention to the latter approximation, since the
arguments are similar. Write

F1 11}\2 1 N 28
S RF LI RERS er) @

Then it can be shown that w has the continued fraction expansion

3 3 3 11
R V) —— )2 2 __)\2
1 16" 16" 16" 48

1 + 1 + 1 + 1

If each numerator above is replaced by —3A2/16, then we obtain the approximation
1
w = E(—2 + V4 - 32).

Substituting this approximation in (28) and then using (25), we are immediately led
to the estimate

L(a,b) . 3N

— =l ——

7(a + b) 10 + V4 — 322
Since Ramanujan’s facility in representing analytic functions by continued fractions
is unmatched in mathematical history, it seems likely that Ramanujan discovered his
approximations in this manner.

In the next section, we examine some approximations for L(a, b) of a different
type given by Ramanujan in his notebooks [46].

7. Further approximations given by Ramanujan. In his notebooks [46], Ramanu-
jan offers some very unusual formulas, expressed in sexagesimal notation, for
L(a, b). The first is related to his approximation 3 — V4 — A*> given in Section 6.

THEOREM 7. Put

1
L(a,b)=7r(a+b)(1+4sin250), 0<0<m/4, (29)
and
ind = \si Ao 2Zb (30)
sinf = A sina, =3

Then, when the eccentricity e =1, a = 30°18'6"”, and as e tends to 0, a tends
monotonically to 30°.

It is not clear how Ramanujan was led to this very unusual theorem. The variance
of a over such a small interval is curious.

Proof. We shall prove Theorem 7 except for the conclusion about monotonicity.
However, we shall show that a > 7/6 always.
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For brevity, we write (25) in the form

L(a,b) ®
—_— = 2" Al <1. 1
w(a+ b) ,an" ’ Al < D
It then follows from (29) and (30) that
1 0
3—2Y1 — Nsinfa =1 + 4sin250 = Y a X", Al <L (32)
n=0

Next set
3-V4-N =Y BN", || <2 (33)
n=0

As implied in Section 6, a,, = n = 0,1,2. We shall further show that, for n > 3,
B, < a,/2" 2% (34)

From the definitions (31) and (33), respectively, short calculations show that, for
n>1,

n’

Q11 (2n - 1)2 Bn+l 2n -1
= an = .
a, 2n + 2)° B, 8(n+1)

Thus,
Bn+l Ayt n+1 1
= < =,
B, a, 22n-1) "2
if n > 2. Proceeding by induction, we deduce that
Bn +1 1 Bn 1
< _—

< < o1
a,,; 2a, 2

for n > 2, and the proof of (34) is complete.
From (32) and (34), it follows that

3—V4-—N <3-2V1- Nsin%a.

Solving this inequality, we find that sin’a > 1/4, or a > 7/6.
Second, we calculate a when e = 1. Thus, A = 1 and 8 = a. Therefore, from (25)
and (32),

|+ dsivna= Fl— 5 —L1q)< 2 (35)
s1n2a— ( 2Tl =

This evaluation follows from a general theorem of Gauss on the evaluation of
hypergeometric series at the argument 1 [4, p. 2]. Moreover, this particular series is
found in Gauss’s diary under the date June, 1798 [24]. Thus,

1 1

1
nt—ag = — — — =
sin“Ze = — — 7 0.0683098861.

It follows that a = 30°18’6".
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Third, we calculate « when e = 0. From (30) and (32),

sin20 4sin2—0
lim sin’a = lim —— = ——
A = e A0 A
o 1
= limA~? M=o = —.
A—0 Z %n al 4

n=1

Thus, a tends to /6 as e tends to 0.

Ramanujan [46, p. 224] offers another theorem, which we do not state, like
Theorem 7 but which appears to be motivated by his second approximation for
L(a,b).

Ramanujan [46, p. 224] states two additional formulas each of which combines
two approximations, one for e near 0 and the other for e close to 1. Again, we give
just one of the pair. A complete proof of Theorem 8 below would be too lengthy for
this paper, and so we shall just sketch the main ideas of the proof. Complete details
may be found in [7].

THEOREM 8. Set

tan 0
L(a,b) =7(a+ b)—o—, 0<b<m/2, (36)
and
6= A= 27?P 37
tanf = Acos a, =7 (37)

Then as e increases from 0 to 1, a decreases from w/6 to 0. Furthermore, o is
approximately given by

2/ab (a - Vb)’ a—by
30° + 6°18'49" —————— — 1°10'55""| —— | }.
a+b{ a+b 0’55 (a+b) (38)

Proof. If e = 0, then A = 0 and 6 = 0. The argument is very similar to that in
the proof of Theorem 7, and we find that

lim cos’a = 3a; = 3/4.
A—0

Thus, @ = 7/6 when A = 0 = e.
We next determine a when e = 1. Thus, A = 1 and tan § = cos a by (37). From
(25), (36), and (35),

tan 8

1 1 4
=F(——,-—;1;1)= —.
T

Thus, § = 7/4 and a = 0.
It appears to be extremely difficult to show that as A goes from 0 to 1, a
monotonically decreases from /6 to 0. It can be shown [7], however, that 0 < a <

7 /6, always. A proof depends upon a continued fraction for tan™'x.
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The proof of (38) is very difficult, and we provide only a brief sketch. We observe
(again) that
2Vab

1-X ,
a+b

and so

2 2__2_@_ — B
V1= —(I—A)—(Hb)z(ﬁ Vo)

Thus, Ramanujan is attempting to find an approximation to « of the form
VI-N(4+B{1-V1-X}+cN), (39)

which will be a good approximation both when A is close to 0 and when A is near 1.
Our task is then to determine 4, B, and C.
With a considerable amount of effort, it can be shown that [7]

T 21Y3
=——-—N+0(M 40
in a neighborhood of A = 0. The proper expansion near A = 1 is even more difficult
to obtain because F(— 1, — 1;1; A?) is not analytic at A = 1. However, there does
exist an asymptotic expansion for F(— 1, — 1;1;A*) as A tends to 1 —, and
employing this, we can show that [7]

4 —a
a= \/ 1- X +o(V1-2), (41)
20 — 4
as Atendsto1 — .

Having omitted the hard analysis, we now determine 4, B, and C from (40) and
(41) with little difficulty. When A tends to 0, (39) tends to 4. Thus, 4 = 7/6, by
(40). Next, examine (o — 7,/6)/A* as A tends to 0. From (39) and (40), we find that

7 1 21V3
- '1'2— + EB +C=— W
Now check a/ V1 — A? as A tends to 1 — . From (39) and (41), we see that
T 4—7
'g +B+C= Y — 4
Simultaneously solving these last two equalities, we conclude that
4-—7 213 =«
B=2 Zy— + %0 —5=O.1101935
and
T 4 -7 213
C=—- - - = —0.0206291.

3 27 — 4 80

Converting A, B, and C to the sexagesimal system and substituting in (39), we
complete the proof.
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Although Ramanujan is well known for his approximations and asymptotic
formulas in number theory, he has not been adequately recognized for his deep
contributions to approximations and asymptotic series in analysis, because the vast
majority of his results in the latter field have been hidden in his notebooks. These
notebooks were begun in about 1903, when he was 15 or 16, and are a compilation
of his mathematical discoveries without proofs. The last entries were made in 1914,
when he sailed to England at the urging of G. H. Hardy. Although the editing of
Ramanujan’s notebooks was strongly advocated by Hardy and others immediately
after Ramanujan’s death in 1920, it is only recently that this has come to fruition
[6].

We have not attempted to give complete proofs of some of the theorems that we
have described, but we hope that the principal ideas have been made clear. We have
seen that a chain of related ideas stretches back over a period exceeding two
centuries and provides impetus to contemporary mathematics. Ideas and topics that
appear disparate are found to have common roots and merge together. For further
elaboration of these ideas, readers should consult the works cited, especially Cox’s
paper [18], the papers and book of J. M. and P. B. Borwein [8]-[13], a paper by
Almkvist [1] written in Swedish, and Berndt’s forthcoming book [7].

We are most grateful to Birger Ekwall for providing some very useful references.
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